
















Preface xi

chain, so combining a chain of chains should be the same as combining the long chain.
ThatÕs it!

We shall see structures and coherence come up in pretty much every deÞnition we
give: Òhere are some things and here are how they Þt together.Ó We ask the reader to be
on the lookout for structures and coherence as they read the book, and to realize that as
we layer abstraction upon abstraction, it is the coherence that makes all the parts work
together harmoniously in concert.

Each chapter in this book is motivated by a real-world topic, such as electrical cir-
cuits, control theory, cascade failures, information integration, and hybrid systems.
These motivations lead us into and through various sorts of category-theoretic concepts.
We generally have one motivating idea and one category-theoretic purpose per chap-
ter, and this forms the title of the chapter, e.g. Chapter 4 is ÒCo-design: Profunctors,
CategoriÞcation, and Monoidal Categories.Ó

In many math books, the difÞculty is roughly a monotonically increasing function of
the page number. In this book, this occurs in each chapter, but not so much in the book
as a whole. The chapters start out fairly easy and progress in difÞculty.

The upshot is that if you Þnd the end of a chapter very difÞcult, hope is certainly not
lost: you can start on the next one and make good progress. This format lends itself to
giving you a Þrst taste now, but also leaving open the opportunity for you to come back
to the book at a later date and get more deeply into it. But by all means, if you have the
gumption to work through each chapter to its end, we very much encourage that!

We include about 240 exercises throughout the text, with solutions in the Appendix
at the end of the book. Usually these exercises are fairly straightforward; the only thing
they demand is that readers change their mental state from passive to active, reread the
previous paragraphs with intent, and put the pieces together. Readers become students
when they work through the exercises; until then they are more tourists, riding on a bus
and listening off and on to the tour guide. Hey, thereÕs nothing wrong with that, but we
do encourage you to get off the bus and make direct contact with the native population
and local architecture as often as you can.
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1 Generative Effects: Orders and Galois
Connections

In this book, we explore a wide variety of situations — in the world of science, engineer-
ing, and commerce — where we see something we might call compositionality. These
are cases in which systems or relationships can be combined to form new systems or
relationships. In each case we Þnd category-theoretic constructs — developed for their
use in pure math — which beautifully describe the compositionality of the situation.

This chapter, being the Þrst of the book, must serve this goal in two capacities. First,
it must provide motivating examples of compositionality, as well as the relevant cate-
gorical formulations. Second, it must provide the mathematical foundation for the rest
of the book. Since we are starting with minimal assumptions about the readerÕs back-
ground, we must begin slowly and build up throughout the book. As a result, examples in
the early chapters are necessarily simpliÞed. However, we hope the reader will already
begin to see the sort of structural approach to modeling that category theory brings to
the fore.

1.1 More Than the Sum of Their Parts

We motivate this Þrst chapter by noticing that while many real-world structures are
compositional, the results of observing them are often not. The reason is that observation
is inherently ÒlossyÓ: in order to extract information from something, one must drop the
details. For example, one stores a real number by rounding it to some precision. But if
the details are actually relevant in a given system operation, then the observed result of
that operation will not be as expected. This is clear in the case of roundoff error, but it
also shows up in non-numerical domains: observing a complex system is rarely enough
to predict its behavior because the observation is lossy.

A central theme in category theory is the study of structures and structure-preserving
maps. A map f : X � Y is a kind of observation of object X via a speciÞed relationship
it has with another object, Y . For example, think of X as the subject of an experiment
and Y as a meter connected to X , which allows us to extract certain features of X by
looking at the reaction of Y .

Asking which aspects of X one wants to preserve under the observation f becomes
the question Òwhat category are you working in?Ó As an example, there are many func-
tions f from R to R (where R is the set of real numbers), and we can think of them
as observations: rather than view x Òdirectly,Ó we only observe f (x). Out of all the
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1.2 What is Order?

Above we informally spoke of two different ordered sets: the order on system connectiv-
ity and the order on booleans false � true. Then we related these two ordered sets
by means of AliceÕs observation �. Before continuing, we need to make such ideas more
precise. We begin in Section 1.2.1 with a review of sets and relations. In Section 1.2.2
we will give the deÞnition of a preorder — short for preordered set — and a good number
of examples.

1.2.1 Review of Sets, Relations, and Functions

We will not give a deÞnition of set here, but informally we will think of a set as a
collection of things, known as elements. These things could be all the leaves on a certain
tree, or the names of your favorite fruits, or simply some symbols a, b, c. For example,
we write A = {h, 1} to denote the set, called A, that contains exactly two elements, one
called h and one called 1. The set {h, h, 1, h, 1} is exactly the same as A because they
both contain the same elements, h and 1, and repeating an element more than once in
the notation doesnÕt change the set.3 For an arbitrary set X , we write x � X if x is an
element of X ; so we have h � A and 1 � A, but 0 
� A.

Example 1.5. Here are some important sets from mathematics — and the notation we
will use — that will appear again in this book.

� � denotes the empty set; it has no elements.
� {1} denotes a set with one element; it has one element, 1.
� B denotes the set of booleans; it has two elements, true and false.
� N denotes the set of natural numbers; it has elements 0, 1, 2, 3, . . . , 90717, . . ..
� n, for any n � N, denotes the nth ordinal; it has n elements 1, 2, . . . , n. For example,

0 = �, 1 = {1}, and 5 = {1, 2, 3, 4, 5}.
� Z, the set of integers; it has elements . . . ,�2,�1, 0, 1, 2, . . . , 90717, . . ..
� R, the set of real numbers; it has elements like �, 3.14, 5 �

�
2, e, e2,�1457,

90717, etc.

Given sets X and Y , we say that X is a subset of Y , and write X � Y , if every element
in X is also in Y . For example {h} � A. Note that the empty set � := {} is a subset
of every other set.4 Given a set Y and a property P that is either true or false for each
element of Y , we write {y � Y | P(y)} to mean the subset of those yÕs that satisfy P .

Exercise 1.6.

1. Is it true that N = {n � Z | n 
 0}?

3 If you want a notion where Òh, 1Ó is different from Òh, h, 1, h, 1,Ó you can use something called bags,
where the number of times an element is listed matters, or lists, where order also matters. All of these are
important concepts in applied category theory, but sets will come up the most for us.

4 When we write Z := foo, it means Òassign the meaning foo to variable Z ,Ó whereas Z = foo means
simply that Z is equal to foo, perhaps as discovered via some calculation. In particular, Z := foo implies
Z = foo but not vice versa; indeed it would not be proper to write 3+ 2 := 5 or {} := �.
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Other examples of inÞx notation for relations are =, �, <, >. In number theory, we
are interested in whether one number divides without remainder into another number;
this relation is denoted with inÞx notation |, so 5|10.

Partitions and equivalence relations
We can now deÞne partitions more formally.

Definition 1.10. If A is a set, a partition of A consists of a set P and, for each p � P ,
a nonempty subset Ap � A, such that

A =
�

p�P

Ap and if p 
= q then Ap � Aq = �. (1.5)

We may denote the partition by {Ap}p�P . We refer to P as the set of part labels and if
p � P is a part label, we refer to Ap as the pth part. The condition (1.5) says that each
element a � A is in exactly one part.

We consider two different partitions {Ap}p�P and {A�p� }p��P � of A to be the same if
for each p � P there exists a p� � P � with Ap = A�p� . In other words, if two ways
to divide A into parts are exactly the same — the only change is in the labels — then we
donÕt make a distinction between them.

Exercise 1.11. Suppose that A is a set and {Ap}p�P and {A�p� }p��P � are two partitions
of A such that for each p � P there exists a p� � P � with Ap = A�p� .

1. Show that for each p � P there is at most one p� � P � such that Ap = A�p� .
2. Show that for each p� � P � there is a p � P such that Ap = A�p� . �

Exercise 1.12. Consider the partition shown below:

For any two elements a, b � {11, 12, 13, 21, 22, 23}, letÕs allow ourselves to write a
twiddle (tilde) symbol a � b between them if a and b are both in the same part. Write
down every pair of elements (a, b) that are in the same part. There should be 10.5 �

We shall see in Proposition 1.14 that there is a strong relationship between partitions
and something called equivalence relations, which we deÞne next.

5 Hint: whenever someone speaks of Òtwo elements a, b in a set A,Ó the two elements may be the same!
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Definition 1.13. Let A be a set. An equivalence relation on A is a binary relation, letÕs
give it inÞx notation �, satisfying the following three properties:

(a) a � a, for all a � A,
(b) a � b iff 6 b � a, for all a, b � A,
(c) if a � b and b � c then a � c, for all a, b, c � A.

These properties are called reflexivity, symmetry, and transitivity, respectively.

Proposition 1.14. Let A be a set. There is a one-to-one correspondence between the
ways to partition A and the equivalence relations on A.

Proof. We Þrst show that every partition gives rise to an equivalence relation, and then
that every equivalence relation gives rise to a partition. Our two constructions will be
mutually inverse, proving the proposition.

Suppose we are given a partition {Ap}p�P ; we deÞne a relation � and show it is an
equivalence relation. DeÞne a � b to mean that a and b are in the same part: there is
some p � P such that a � Ap and b � Ap. It is obvious that a is in the same part as
itself. Similarly, it is obvious that if a is in the same part as b then b is in the same part
as a, and that if further b is in the same part as c then a is in the same part as c. Thus �
is an equivalence relation as deÞned in DeÞnition 1.13.

Suppose we are given an equivalence relation �; we will form a partition on A by
saying what the parts are. Say that a subset X � A is (�)-closed if, for every x � X
and x � � x , we have x � � X . Say that a subset X � A is (�)-connected if it is
nonempty and x � y for every x, y � X . Then the parts corresponding to � are exactly
the (�)-closed, (�)-connected subsets. It is not hard to check that these indeed form a
partition. �

Exercise 1.15. LetÕs complete the ÒitÕs not hard to checkÓ part in the proof of Proposi-
tion 1.14. Suppose that � is an equivalence relation on a set A, and let P be the set of
(�)-closed and (�)-connected subsets {Ap}p�P .

1. Show that each part Ap is nonempty.
2. Show that if p 
= q, i.e. if Ap and Aq are not exactly the same set, then Ap�Aq = �.
3. Show that A =

�
p�P Ap. �

Definition 1.16. Given a set A and an equivalence relation � on A, we say that the
quotient A/ � of A under � is the set of parts of the corresponding partition.

Functions
The most frequently used sort of relation between sets is that of functions.

6 ÒIffÓ is short for Òif and only if.Ó















1.2 What is Order? 17

For example, taking X = {0, 1, 2}, we depict P(X) as

See the cube? The Hasse diagram for the power set of a Þnite set, say P{1, 2, . . . , n},7

always looks like a cube of dimension n.

Exercise 1.46. Draw the Hasse diagrams for P(�), P{1}, and P{1, 2}. �

Example 1.47 (Partitions). We talked about getting a partition from a preorder; now letÕs
think about how we might order the set Prt(A) of all partitions of A, for some set A. In
fact, we have done this before in Eq. (1.3). Namely, we order partitions by Þneness: a
partition P is finer than a partition Q if, for every part p � P , there is a part q � Q
such that Ap � Aq . We could also say that Q is coarser than P .

Recall from Example 1.21 that partitions on A can be thought of as surjective func-
tions out of A. Then f : A � P is Þner than g : A � Q if there is a function h : P � Q
such that f � h = g.

Exercise 1.48. For any set S there is a coarsest partition, having just one part. What
surjective function does it correspond to?

There is also a Þnest partition, where everything is in its own part. What surjective
function does it correspond to? �

Example 1.49 (Upper sets). Given a preorder (P,�), an upper set in P is a subset U of
P satisfying the condition that if p � U and p � q, then q � U . ÒIf p is an element
then so is anything bigger.Ó Write U(P) for the set of upper sets in P . We can give the
set U an order by letting U � V if U is contained in V .

For example, if (B,�) is the booleans (Example 1.29), then its preorder of upper sets
U(B) is

7 Note that we omit the parentheses here, writing PX instead of P(X); throughout this book we will omit
parentheses if we judge the presentation is cleaner and it is unlikely to cause confusion.
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from child development jargon: we can recognize Òthe same chair, just moved from one
room to another.Ó A chair in the room of sets can be moved to a chair in the room of
preorders. The lighting is different but the chair is the same.

Eventually, we will be able to understand this notion in terms of equivalence
of categories, which are related to isomorphisms, which we will explore next in
DeÞnition 1.70.

Definition 1.70. Let (P,�P ) and (Q,�Q) be preorders. A monotone function
f : P � Q is called an isomorphism if there exists a monotone function g : Q � P
such that f � g = idP and g � f = idQ . This means that, for any p � P and q � Q, we
have

p = g( f (p)) and q = f (g(q)).

We refer to g as the inverse of f , and vice versa: f is the inverse of g.
If there is an isomorphism P � Q, we say that P and Q are isomorphic.

An isomorphism between preorders is basically just a relabeling of the elements.

Example 1.71. Here are the Hasse diagrams for three preorders P , Q, and R, all of
which are isomorphic:

The map f : P � Q given by f (a) = v, f (b) = w, f (c) = x , f (d) = y, and
f (e) = z has an inverse.

In fact Q and R are the same preorder. One may be confused by the fact that there
is an arrow x � z in the Hasse diagram for R and not one in Q, but in fact this arrow
is superßuous. By the transitivity property of preorders (DeÞnition 1.25), since x � y
and y � z, we must have x � z, whether it is drawn or not. Similarly, we could have
drawn an arrow v � y in either Q or R and it would not have changed the preorder.

Recall the preorder B = {false, true}, where false � true. As simple as this
preorder is, it is also one of the most important.

Exercise 1.72. Show that the map � from Section 1.1.1, which was roughly given by
ÒIs � connected to �?Ó is a monotone map Prt({�, �, �}) � B; see also Eq. (1.3). �

Proposition 1.73. Let P be a preorder. Monotone maps P � B are in one-to-one
correspondence with upper sets of P .
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Write �z� for the smallest natural number above z � R, and write �z� for the largest
integer below z � R, e.g. �3.14� = 4 and �3.14� = 3.9 As the left adjoint R � Z, letÕs
see if ��/3� works.

It is easily checked that

�x/3� � y if and only if x � 3y.

Success! Thus we have a Galois connection between ��/3� and (3×�).

Exercise 1.92. In Example 1.91 we found a left adjoint for the monotone map
(3×�) : Z � R. Now Þnd a right adjoint for the same map, and show it is correct. �

Exercise 1.93. Consider the preorder P = Q = 3.

1. Let f, g be the monotone maps shown below:

Is it the case that f is left adjoint to g? Check that for each 1 � p, q � 3, one has
f (p) � q iff p � g(q).

2. Let f, g be the monotone maps shown below:

Is it the case that f is left adjoint to g? �

Remark 1.94. The diagrams in Exercise 1.93 suggest the following idea. If P and
Q are total orders and f : P � Q and g : Q � P are drawn with arrows bending
counterclockwise, then f is left adjoint to g iff the arrows do not cross. With a little
bit of thought, this can be formalized. We think this is a pretty neat way of visualizing
Galois connections between total orders!

Exercise 1.95.

1. Does ��/3� have a left adjoint L : Z � R?
2. If not, why? If so, does its left adjoint have a left adjoint? �

9 By ÒaboveÓ and Òbelow,Ó we mean greater than or equal to or less than or equal to; the latter being a
mouthful. Anyway, �3� = 3 = �3�.
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(2.1)
The wires show resources: we start with prepared crust, lemon, butter, sugar, and egg
resources, and we end up with an unbaked pie resource. We could take this whole
method and combine it with others, e.g. baking the pie:

In the above example we see that resources are not always consumed when they are
used. For example, we use an oven to convert — or catalyze the transformation of — an
unbaked pie into a baked pie, and we get the oven back after we are done. ItÕs a nice
feature of ovens! To use economic terms, the oven is a Òmeans of productionÓ for pies.

String diagrams are important mathematical objects that will come up repeatedly in
this book. They were invented in the mathematical context — more speciÞcally in the
context of monoidal categories — by Joyal and Street [JS93], but they have been used
less formally by engineers and scientists in various contexts for a long time.

As we said above, our Þrst goal in this chapter is to use monoidal preorders, and
the corresponding wiring diagrams, as a formal language for building new recipes from
old. Our second goal is to discuss something called V-categories for various monoidal
preorders V.

A V-category is a set of objects, which one may think of as points on a map, where
V somehow Òstructures the questionÓ of getting from point a to point b. The examples
of monoidal preorders V that we will be most interested in are called Bool and Cost.
Roughly speaking, a Bool-category is a set of points where the question of getting from
point a to point b has a true / false answer. A Cost-category is a set of points where
the question of getting from a to b has an answer d � [0,�], a cost.
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This story works in more generality than monoidal preorders. Indeed, in Chapter 4 we
will discuss something called a monoidal category, a notion which generalizes monoidal
preorders, and we will generalize the deÞnition of V-category accordingly. In this more
general setting, V-categories can also address our third question above, describing meth-
ods of getting between points. For example a Set-category is a set of points where the
question of getting from point a to point b has a set of answers (elements of which might
be called methods).

We will begin in Section 2.2 by deÞning symmetric monoidal preorders, giving a
few preliminary examples and discussing wiring diagrams. We then give many more
examples of symmetric monoidal preorders, including some real-world examples, in the
form of resource theories, and some mathematical examples that will come up again
throughout the book. In Section 2.3 we discuss enrichment and V-categories — how a
monoidal preorder V can Òstructure the questionÓ of getting from a to b — and then give
some important constructions on V-categories (Section 2.4), and analyze them using a
sort of matrix multiplication technique (Section 2.5).

2.2 Symmetric Monoidal Preorders

In Section 1.2.2 we introduced preorders. The notation for a preorder, namely (X,�),
refers to two pieces of structure: a set called X and a relation called � that is reßexive
and transitive.

We want to add to the concept of preorders a way of combining elements in X , an
operation taking two elements and adding or multiplying them together. However, the
operation does not have to literally be addition or multiplication; it only needs to satisfy
some of the properties one expects from them.

2.2.1 Definition and First Examples

We begin with a formal deÞnition of symmetric monoidal preorders.

Definition 2.1. A (strict) symmetric monoidal structure on a preorder (X,�) consists
of two constituents:

(i) an element I � X , called the monoidal unit,
(ii) a function �: X × X � X , called the monoidal product.

These constituents must satisfy the following properties, where we write �(x1, x2) =
x1 � x2:

(a) for all x1, x2, y1, y2 � X , if x1 � y1 and x2 � y2, then x1 � x2 � y1 � y2,
(b) for all x � X , the equations I � x = x and x � I = x hold,
(c) for all x, y, z � X , the equation (x � y)� z = x � (y � z) holds,
(d) for all x, y � X , the equation x � y = y � x holds.

We call these conditions monotonicity, unitality, associativity, and symmetry respec-
tively. A preorder equipped with a symmetric monoidal structure, (X,�, I,�), is called
a symmetric monoidal preorder.
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Instead, in our daily lives and in manufacturing, we do not have to hold on to some-
thing if we donÕt need it; we can just discard it. In terms of wiring diagrams, this can be
shown using a new icon , as follows:

(2.14)

To model this concept of waste using monoidal categories, one just adds an additional
axiom to (a), (b), (c), and (d) from DeÞnition 2.1:

(e) x � I for all x � X . (discard axiom)

It says that every x can be converted into the monoidal unit I . In the notation of the
chemistry section, we would write instead x � 0: any x yields nothing. But this is
certainly not accepted in the chemistry setting. For example,

H2O+ NaCl �? H2O

is certainly not a legal chemical equation. It is easy to throw things away in manufac-
turing, because we assume that we have access to — the ability to grab onto and directly
manipulate — each item produced. In chemistry, when you have 1023 of substance A
dissolved in something else, you cannot just simply discard A. So axiom (e) is valid in
manufacturing but not in chemistry.

Recall that in Section 2.2.2 we said that there were many different styles of wiring
diagrams. Now weÕre saying that adding the discard axiom changes the wiring dia-
gram style, in that it adds this new discard icon that allows wires to terminate, as
shown in Eq. (2.14). In informatics, we will change the wiring diagram style yet
again.













2.2 Symmetric Monoidal Preorders 55

monoidal monotones, where the inequalities in (a) and (b) are reversed; we will not use
oplaxity in this book.

Example 2.26. There is a monoidal monotone i : (Z,�, 0,+) � (R,�, 0,+), where
i(n) = n for all n � Z. It is clearly monotonic, m � n implies i(m) � i(n). It is even
strict monoidal because i(0) = 0 and i(m + n) = i(m)+ i(n).

There is also a monoidal monotone f : (R,�, 0,+) � (Z,�, 0,+) going the other
way. Here f (x) := �x� is the ßoor function, e.g. f (3.14) = 3. It is monotonic because
x � y implies f (x) � f (y). Also f (0) = 0 and f (x) + f (y) � f (x + y), so it is
a monoidal monotone. But it is not strict or even strong because f (0.5) + f (0.5) 
=
f (0.5+ 0.5).

Recall Bool = (B,�, true,�) from Example 2.12 and Cost = ([0,�],
, 0,+)
from Example 2.21. There is a monoidal monotone g : Bool � Cost, given by
g(false) := � and g(true) := 0.

Exercise 2.27.

1. Check that the map g : (B,�, true,�) � ([0,�],
, 0,+) presented above
indeed
� is monotonic,
� satisÞes condition (a) of DeÞnition 2.25,
� satisÞes condition (b) of DeÞnition 2.25.

2. Is g strict? �

Exercise 2.28. Let Bool and Cost be as above, and consider the following quasi-inverse
functions d, u : [0,�] � B deÞned as follows:

d(x) :=

�
false if x > 0,
true if x = 0,

u(x) :=

�
false if x = �,
true if x < �.

1. Is d monotonic?
2. Does d satisfy conditions (a) and (b) of DeÞnition 2.25?
3. Is d strict?
4. Is u monotonic?
5. Does u satisfy conditions (a) and (b) of DeÞnition 2.25?
6. Is u strict? �

Exercise 2.29.

1. Is (N,�, 1, �) a monoidal preorder, where � is the usual multiplication of natural
numbers?

2. If not, why not? If so, does there exist a monoidal monotone (N,�, 0,+) �
(N,�, 1, �)? If not, why not? If so, Þnd it.

3. Is (Z,�, 1, �) a monoidal preorder? �
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2.3 Enrichment

In this section we will introduce V-categories, where V is a symmetric monoidal pre-
order. We shall see that Bool-categories are preorders, and that Cost-categories are a
nice generalization of the notion of metric space.

2.3.1 V-Categories

While V-categories can be deÞned even when V is not symmetric, i.e. just obeys con-
ditions (a)—(c) of DeÞnition 2.1, certain things donÕt work quite right. For example, we
shall see later in Exercise 2.54 that the symmetry condition is necessary in order for
products of V-categories to exist. Anyway, hereÕs the deÞnition.

Definition 2.30. Let V = (V,�, I,�) be a symmetric monoidal preorder. A V-
category X consists of two constituents, satisfying two properties. To specify X,

(i) one speciÞes a set Ob(X), elements of which are called objects;
(ii) for every two objects x, y, one speciÞes an element X(x, y) � V , called the hom-

object.2

The above constituents are required to satisfy two properties:

(a) for every object x � Ob(X) we have I � X(x, x),
(b) for every three objects x, y, z � Ob(X), we have X(x, y)� X(y, z) � X(x, z).

We call V the base of the enrichment for X or say that X is enriched in V.

Example 2.31. As we shall see in the next subsection, from every preorder we can con-
struct a Bool-category, and vice versa. So, to get a feel for V-categories, let us consider
the preorder generated by the Hasse diagram

(2.17)

How does this correspond to a Bool-category X? Well, the objects of X are simply
the elements of the preorder, i.e. Ob(X) = {p, q, r, s, t}. Next, for every pair of objects

2 The word ÒhomÓ is short for homomorphism and reßects the origins of this subject. A more descriptive
name for X(x, y) might be mapping object, but we use ÒhomÓ mainly because it is an important jargon
word to know in the Þeld.
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(a) for every c � C, we have

IW � f (IV ) ( f is monoidal monotone)
� f (C(c, c)) (C is V-category)
= C f (c, c) (deÞnition of C f );

(b) for every c, d, e � Ob(C), we have

C f (c, d)�W C f (d, e) = f (C(c, d))�W f (C(d, e)) (deÞnition of C f )
� f

�
C(c, d)�V C(d, e)

�
( f is monoidal monotone)

� f (C(c, e)) (C is V-category)
= C f (c, e) (deÞnition of C f ).

Example 2.45. As an example, consider the function f : [0,�] � {true, false}
given by

f (x) :=

�
true if x = 0,
false if x > 0.

(2.21)

It is easy to check that f is monotonic and that f preserves the monoidal product
and monoidal unit; that is, itÕs easy to show that f is a monoidal monotone. (Recall
Exercise 2.28.)

Thus f lets us convert Lawvere metric spaces into preorders.

Exercise 2.46. Recall the Òregions of the worldÓ Lawvere metric space from Exer-
cise 2.35 and the text above it. We just learned that, using the monoidal monotone f in
Eq. (2.21), we can convert it to a preorder. Draw the Hasse diagram for the preorder cor-
responding to the regions US, Spain, and Boston. How could you interpret this preorder
relation? �

Exercise 2.47.

1. Find another monoidal monotone g : Cost � Bool different from the one deÞned in
Eq. (2.21).

2. Using Construction 2.44, both your monoidal monotone g and the monoidal mono-
tone f in Eq. (2.21) can be used to convert a Lawvere metric space into a
preorder. Find a Lawvere metric space X on which they give different answers,
X f 
= Xg . �

2.4.2 Enriched Functors

The notion of functor provides the most important type of relationship between
categories.
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Definition 2.48. Let V be a symmetric monoidal preorder and let X and Y be
V-categories. A V-functor from X to Y, denoted F : X � Y, consists of one constituent

(i) a function F : Ob(X) � Ob(Y)

subject to one constraint

(a) for all x1, x2 � Ob(X), one has X(x1, x2) � Y(F(x1), F(x2)).

Example 2.49. For example, we have said several times — e.g. in Theorem 2.32 — that
preorders are Bool-categories, where X(x1, x2) = true is denoted x1 � x2. One
would hope that monotone maps between preorders would correspond exactly to Bool-
functors, and thatÕs true. A monotone map (X,�X ) � (Y,�Y ) is a function F : X � Y
such that, for every x1, x2 � X , if x1 �X x2 then F(x1) �Y F(x2). In other words, we
have

X(x1, x2) � Y(F(x1), F(x2)),

where the above � takes place in the enriching category V = Bool; this is exactly the
condition from DeÞnition 2.48.

Remark 2.50. In fact, we have what is called an equivalence of categories between the
category of preorders and the category of Bool-categories. In the next chapter we will
develop the ideas necessary to state what this means precisely (Remark 3.50).

Example 2.51. Lawvere metric spaces are Cost-categories. The deÞnition of Cost-
functor should hopefully return a nice notion — a ÒfriendÓ — from the theory of metric
spaces, and it does: it recovers the notion of Lipschitz function. A Lipschitz (or more
precisely, 1-Lipschitz) function is one under which the distance between any pair of
points does not increase. That is, given Lawvere metric spaces (X, dX ) and (Y, dY ), a
Cost-functor between them is a function F : X � Y such that for every x1, x2 � X we
have dX (x1, x2) 
 dY (F(x1), F(x2)).

Exercise 2.52. The concepts of opposite, dagger, and skeleton (see Examples 1.53 and
1.67 and Remark 1.30) extend from preorders to V-categories. The opposite of a V-
category X is denoted Xop and is deÞned by

(i) Ob(Xop) := Ob(X), and
(ii) for all x, y � X, we have Xop(x, y) := X(y, x).

A V-category X is a dagger V-category if the identity function is a V-functor   : X �
Xop. And a skeletal V-category is one in which if I � X(x, y) and I � X(y, x), then
x = y.

Recall that an extended metric space (X, d) is a Lawvere metric space with two extra
properties; see properties (b) and (c) in DeÞnition 2.34.
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Their product is deÞned by taking the product of their sets of objects, so there are six
objects in X × Y. And the distance dX×Y ((x, y), (x �, y�)) between any two points is
given by the sum dX (x, x �)+ dY (y, y�).

Examine the following graph, and make sure you understand how easy it is to derive
from the weighted graphs for X and Y in Eq. (2.22):

Exercise 2.56. Consider R as a Lawvere metric space, i.e. as a Cost-category (see
Example 2.37). Form the Cost-product R × R. What is the distance from (5, 6) to
(�1, 4)? Hint: apply DeÞnition 2.53; the answer is not

�
40. �

In terms of matrices, V-products are also quite straightforward. They generalize what
is known as the Kronecker product of matrices. The matrices for X and Y in Eq. (2.22)
are shown below

X A B C
A 0 2 5
B � 0 3
C � � 0

Y p q
p 0 5
q 8 0

and their product is:

X× Y (A, p) (B, p) (C, p) (A, q) (B, q) (C, q)
(A, p) 0 2 5 5 7 10
(B, p) � 0 3 � 5 8
(C, p) � � 0 � � 5
(A, q) 8 10 13 0 2 5
(B, q) � 8 11 � 0 3
(C, q) � � 8 � � 0

We have drawn the product matrix as a block matrix, where there is one block — shaped
like X — for every entry of Y. Make sure you can see each block as the X-matrix shifted
by an entry in Y. This comes directly from the formula from DeÞnition 2.53 and the fact
that the monoidal product in Cost is +.
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2.5 Computing Presented V-Categories with Matrix Multiplication

In Section 2.3.3 we promised a straightforward way to construct the matrix representa-
tion of a Cost-category from a Cost-weighted graph. To do this, we use a generalized
matrix multiplication. We shall show that this works, not just for Cost, but also for
Bool, and many other monoidal preorders. The property required of the preorder is that
of being a unital, commutative quantale. These are preorders with all joins, plus one
additional ingredient, being monoidal closed, which we deÞne next, in Section 2.5.1.
The deÞnition of a quantale will be given in Section 2.5.2.

2.5.1 Monoidal Closed Preorders

The deÞnition of V-category makes sense for any symmetric monoidal preorder V.
But that does not mean that any base of enrichment V is as useful as any other.
In this section we deÞne closed monoidal categories, which in particular enrich
themselves! ÒBefore you can really enrich others, you should really enrich your-
self.Ó

Definition 2.57. A symmetric monoidal preorder V = (V,�, I,�) is called symmetric
monoidal closed (or just closed) if, for every two elements v,w � V , there is an element
v � w in V, called the hom-element, with the property

(a � v) � w iff a � (v � w) (2.23)

for all a, v, w � V .

Remark 2.58. The term ÔclosedÕ refers to the fact that a hom-element can be constructed
for any two elements, so the preorder can be seen as closed under the operation of
Òtaking homs.Ó In later chapters weÕll meet the closely related concepts of compact
closed categories (DeÞnition 4.44) and cartesian closed categories (Section 7.2.1) that
make this idea more precise. See especially Exercise 7.8.

One can consider the hom-element v � w as a kind of Òsingle-use v-to-w converter.Ó
So Eq. (2.23) says that a and v are enough to get w if and only if a is enough to get a
single-use v-to-w converter.

Exercise 2.59. Condition (2.23) says precisely that there is a Galois connection in the
sense of DeÞnition 1.90. LetÕs prove this fact. In particular, weÕll prove that a monoidal
preorder is monoidal closed iff, given any v � V , the map (� � v) : V � V given by
multiplying with v has a right adjoint. We write this right adjoint (v � �) : V � V .

1. Using DeÞnition 2.1, show that (�� v) is monotone.
2. Supposing that V is closed, show that for all v,w � V we have

�
(v � w)� v

�
� w.

3. Using part 2, show that (v � �) is monotone.
4. Conclude that a symmetric monoidal preorder is closed if and only if the monotone

map (�� v) has a right adjoint. �



















3 Databases: Categories, Functors,
and Universal Constructions

3.1 What is a Database?

Integrating data from disparate sources is a major problem in industry today. A study in
2008 [BH08] showed that data integration accounts for 40% of IT (information technol-
ogy) budgets, and that the market for data integration software was $2.5 billion in 2007
and increasing at a rate of more than 8% per year. In other words, it is a major problem;
but what is it?

A database is a system of interlocking tables
Data becomes information when it is stored in a given formation. That is, the numbers
and letters donÕt mean anything until they are organized, often into a system of inter-
locking tables. An organized system of interlocking tables is called a database. Here is
a favorite example:

Employee FName WorksIn Mngr
1 Alan 101 2
2 Ruth 101 2
3 Kris 102 3

Department DName Secr
101 Sales 1
102 IT 3

(3.1)
These two tables interlock by use of a special left-hand column, demarcated by a verti-

cal line; it is called the ID column. The ID column of the Þrst table is called ÒEmployee,Ó
and the ID column of the second table is called ÒDepartment.Ó The entries in the ID col-
umn — e.g. 1, 2, 3 or 101, 102 — are like row labels; they indicate a whole row of the
table theyÕre in. Thus each row label must be unique (no two rows in a table can have
the same label), so that it can unambiguously specify its row.

Each tableÕs ID column, and the set of unique identiÞers found therein, is what allows
for the interlocking mentioned above. Indeed, other entries in various tables can ref-
erence rows in a given table by use of its ID column. For example, each entry in the
WorksIn column references a department for each employee; each entry in the Mngr
(manager) column references an employee for each employee, and each entry in the
Secr (secretary) column references an employee for each department. Managing all this
cross-referencing is the purpose of databases.

Looking back at tables (3.1), one might notice that every non-ID column, found in
either table, is a reference to a label of some sort. Some of these, namely WorksIn,
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Mngr, and Secr, are internal references, often called foreign keys; they refer to rows
(keys) in the ID column of another (foreign) table. Others, namely FName and DName,
are external references; they refer to strings or integers, which can also be thought
of as labels, whose meaning is known more broadly. Internal reference labels can be
changed as long as the change is consistent — 1 could be replaced by 1001 every-
where without changing the meaning — whereas external reference labels certainly
cannot! Changing Ruth to Bruce everywhere would change how people understood the
data.

The reference structure for a given database — i.e. how tables interlock via foreign
keys — tells us something about what information was intended to be stored in it. One
may visualize the reference structure for Eq. (3.1) graphically as follows:

(3.2)

This is a kind of ÒHasse diagram for a database,Ó much like the Hasse diagrams for
preorders in Remark 1.34. How should you read it?

The two tables from Eq. (3.1) are represented in the graph (3.2) by the two black
nodes, which are given the same name as the ID columns: Employee and Department.
There is another node — drawn white rather than black — which represents the external
reference type of strings, like ÒAlan,Ó ÒAlpha,Ó and ÒSales.Ó The arrows in the diagram
represent non-ID columns of the tables; they point in the direction of reference: WorksIn
refers an employee to a department.

Exercise 3.1. Count the number of non-ID columns in Eq. (3.1). Count the number of
arrows (foreign keys) in Eq. (3.2). They should be the same number in this case; is this
a coincidence? �

A Hasse-style diagram like the one in Eq. (3.2) can be called a database schema; it
represents how the information is being organized, the formation in which the data is
kept. One may add rules, sometimes called Òbusiness rulesÓ to the schema, in order to
ensure the integrity of the data. If these rules are violated, one knows that data being
entered does not conform to the way the database designers intended. For example, the
designers may enforce rules saying

� every departmentÕs secretary must work in that department;
� every employeeÕs manager must work in the same department as the employee.

Doing so changes the schema, say from ÔeasySchemaÕ (3.2) to ÔmySchemaÕ below.
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The Hasse diagram (left) might look the most like the free category presentation
(middle) which has no equations, but that is not correct. The free category has three
morphisms (paths) from bottom object to top object, whereas preorders are categories
with at most one morphism between two given objects. Instead, the diagram on the
right, with these paths from bottom to top made equal, is the correct presentation for the
preorder on the left.

Exercise 3.14. What equations would you need to add to the graphs below in order to
present the associated preorders?

�

The preorder reflection of a category
Given any category C, one can obtain a preorder (C,�) from it by destroying the dis-
tinction between any two parallel morphisms. That is, let C := Ob(C), and put c1 � c2
iff C(c1, c2) 
= �. If there is one, or two, or Þfty, or inÞnitely many morphisms c1 � c2
in C, the preorder reßection does not see the difference. But it does see the difference
between some morphisms and no morphisms.

Exercise 3.15. What is the preorder reßection of the category N from Example 3.7? �

We have only discussed adjoint functors between preorders, but soon we will discuss
adjoints in general. Here is a statement you might not understand exactly, but itÕs true;
you can ask a category theory expert about it and they should be able to explain it to
you:

Considering a preorder as a category is right adjoint to turning a category into a preorder by
preorder reßection.

Remark 3.16 (Ends of a spectrum). The main point of this subsection is that both pre-
orders and free categories are speciÞed by a graph without path equations, but they
denote opposite ends of a spectrum. In both cases, the vertices of the graph become the
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objects of a category and the paths become morphisms. But in the case of free cate-
gories, there are no equations so each path becomes a different morphism. In the case
of preorders, all parallel paths become the same morphism. Every category presenta-
tion, i.e. graph with some equations, lies somewhere in between the free category (no
equations) and its preorder reßection (all possible equations).

3.2.4 Important Categories in Mathematics

We have been talking about category presentations, but there are categories that are
best understood directly, not by way of presentations. Recall the deÞnition of category
from DeÞnition 3.2. The most important category in mathematics is the category of
sets.

Definition 3.17. The category of sets, denoted Set, is deÞned as follows.

(i) Ob(Set) is the collection of all sets.
(ii) If S and T are sets, then Set(S, T ) = { f : S � T | f is a function}.

(iii) For each set S, the identity morphism is the function idS : S � S given by
idS(s) := s for each s � S.

(iv) Given f : S � T and g : T � U , their composite is the function f � g : S � U
given by ( f � g)(s) := g( f (s)).

These deÞnitions satisfy the unitality and associativity conditions, so Set is indeed a
category.

Closely related is the category FinSet. This is the category whose objects are Þnite
sets and whose morphisms are functions between them.

Exercise 3.18. Let 2 = {1, 2} and 3 = {1, 2, 3}. These are objects in the category
Set discussed in DeÞnition 3.17. Write down all the elements of the set Set(2, 3); there
should be nine. �

Remark 3.19. You may have wondered what categories have to do with V-categories
(DeÞnition 2.30); perhaps you think the deÞnitions hardly look alike. Despite the term
Òenriched category,Ó V-categories are not categories with extra structure. While some
sorts of V-categories, such as Bool-categories, i.e. preorders, can naturally be seen as
categories, other sorts, such as Cost-categories, cannot.

The reason for the importance of Set is that, if we generalize the deÞnition of enriched
category (DeÞnition 2.30), we Þnd that categories in the sense of DeÞnition 3.2 are
exactly Set-categories — so categories are V-categories for a very special choice of
V. WeÕll come back to this in Section 4.4.4. For now, we simply remark that just
like a deep understanding of the category Cost — e.g. knowing that it is a quantale
— yields insight into Lawvere metric spaces, so the study of Set yields insights into
categories.
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N
2 Smallest prime factor
2 2
3 3
4 2
...

...
49 7
50 2
51 3
...

...

Exercise 3.40. Above, we thought of the sort of data that would make sense for the
schema (3.8). Give an example of the sort of data that would make sense for the
following schemas:

�

The main idea is this: a database schema is a category, and an instance on that schema
— the data itself — is a set-valued functor. All the constraints, or business rules, are
ensured by the rules of functors, namely that functors preserve composition.6

3.3.4 Natural Transformations

If C is a schema — i.e. a Þnitely presented category — then there are many database
instances on it, which we can organize into a category. But this is part of a larger
story, namely that of natural transformations. An abstract picture to have in mind is
this:

6 One can put more complex constraints, called embedded dependencies, on a database; these correspond
category-theoretically to what are called Òlifting problemsÓ in category theory. See [Spi14b] for more on
this.
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Definition 3.41. Let C and D be categories, and let F, G : C � D be functors. To
specify a natural transformation � : F � G,

(i) for each object c � C, one speciÞes a morphism �c : F(c) � G(c) in D, called the
c-component of �.

These components must satisfy the following, called the naturality condition:

(a) for every morphism f : c � d in C, the following equation must hold:

F( f ) � �d = �c � G( f ).

A natural transformation � : F � G is called a natural isomorphism if each
component �c is an isomorphism in D.

The naturality condition can also be written as a so-called commutative diagram. A
diagram in a category is drawn as a graph whose vertices and arrows are labeled by
objects and morphisms in the category. For example, here is a diagram thatÕs relevant to
the naturality condition in DeÞnition 3.41:

(3.9)

Definition 3.42. A diagram D in C is a functor D : J � C from any category J, called
the indexing category of the diagram D. We say that D commutes if D( f ) = D( f �)
holds for every parallel pair of morphisms f, f � : a � b in J.7

In terms of Eq. (3.9), the only case of two parallel morphisms is that of F(c) ⇒ G(d),
so to say that the diagram commutes is to say that F( f ) ��d = �c �G( f ). This is exactly
the naturality condition from DeÞnition 3.41.

Example 3.43. A representative picture is as follows:

7 We could package this formally by saying that D commutes iff it factors through the preorder reßection
of J.
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Definition 3.57. Let C and D be categories, and L : C � D and R : D � C be functors.
We say that L is left adjoint to R (and that R is right adjoint to L) if, for any c � C and
d � D, there is an isomorphism of hom-sets

�c,d : C(c, R(d))
�=�� D(L(c), d)

that is natural in c and d.8

Given a morphism f : c � R(d) in C, its image g := �c,d( f ) is called its mate.
Similarly, the mate of g : L(c) � d is f .

To denote an adjunction we write L ’ R, or in diagrams

with the� in the direction of the left adjoint.

Example 3.58. Recall that every preorder P can be regarded as a category. Galois con-
nections between preorders and adjunctions between the corresponding categories are
exactly the same thing.

Example 3.59. Let B � Ob(Set) be any set. There is an adjunction called Òcurrying B,Ó
after the logician Haskell Curry:

Abstractly we write it as on the left, but what this means is that, for any sets A, C , there
is a natural isomorphism as on the right.

To explain this, we need to talk about exponential objects in Set. Suppose that B and
C are sets. Then the set of functions B � C is also a set; letÕs denote it C B . ItÕs written
this way because if C has 10 elements and B has 3 elements then C B has 103 elements,
and more generally for any two Þnite sets |C B | = |C ||B|.

The idea of currying is that, given sets A, B, and C , there is a one-to-one correspon-
dence between functions (A × B) � C and functions A � C B . Intuitively, if I have a
function f of two variables a, b, I can Òput offÓ entering the second variable: if you give

8 This naturality is between functors Cop ×D � Set. It says that for any morphisms f : c� � c in C and
g : d � d � in D, the following diagram commutes:
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Exercise 3.63. Note that G from Eq. (3.15) is isomorphic to the schema Gr. In Sec-
tion 3.3.5 we saw that instances on Gr are graphs. Draw the above instance I as a
graph. �

Now we have a unique functor ! : G � 1, and we want to say what �!(I ) and
�!(I ) give us as single-set summaries. First, �!(I ) tells us all the emailing groups —
the Òconnected componentsÓ — in I :

1
Bob-Grace-Pat-Emmy

Sue-Doug

This form of summary, involving identifying entries into common groups, or quotients,
is typical of �-operations.

The functor �!(I ) lists the emails from I which were sent from a person to her- or
him-self.

1
Em_6

This is again a sort of query, selecting the entries that Þt the criterion of self-to-self
emails. Again, this is typical of �-operations.

Where do these facts — that �! and �! act the way we said — come from? Everything
follows from the deÞnition of adjoint functors (3.57): indeed we hope this, together
with the examples given in Example 3.61, give the reader some idea of how general and
useful adjunctions are, both in mathematics and in database theory.

One more point: while we will not spell out the details, we note that these operations
are also examples of constructions known as colimits and limits in Set. We end this
chapter with bonus material, exploring these key category theoretic constructions. The
reader should keep in mind that, in general and not just for functors to 1, �-operations
are built from colimits in Set, and �-operations are built from limits in Set.

3.5 Bonus: An Introduction to Limits and Colimits

What do products of sets, the results of �!-operations on database instances, and
meets in a preorder all have in common? The answer, as we shall see, is that they are
all examples of limits. Similarly, disjoint unions of sets, the results of �!-operations
on database instances, and joins in a preorder are all colimits. LetÕs begin with
limits.

Recall that �! takes a database instance I : C � Set and turns it into a set �!(I ).
More generally, a limit turns a functor F : C � D into an object of D.

3.5.1 Terminal Objects and Products

Terminal objects and products are each a sort of limit. LetÕs discuss them in turn.
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data that satisÞes certain equations or constraints. This is what allows us to express
queries in terms of limits. Here is an example.

Example 3.84. If J is presented by the cospan graph x
�

f
���

a
�

g
*��

y
� , then its limit is

known as a pullback. Given the diagram X
f
�� A

g
*� Y , the pullback is the cone shown

on the left below:

The fact that the diagram commutes means that the diagonal arrow ca is in some
sense superßuous, so one generally denotes pullbacks by dropping the diagonal arrow,
naming the cone point X ×A Y , and adding the � symbol, as shown to the right
above.

Here is a picture to help us unpack the deÞnition in Set. We take X = 6, Y = 4, and
A to be the set of colors {red, blue, black}.

The functions f : 6 � A and g : 4 � A are expressed in the coloring of the dots:
for example, g(2) = g(4) = red, while f (5) = black. The pullback selects pairs
(i, j) � 6× 4 such that f (i) and g( j) have the same color.

Remark 3.85. As mentioned following DeÞnition 3.56, this deÞnition of pullback is
not to be confused with the pullback of a set-valued functor along a functor; they are
for now best thought of as different concepts which accidentally have the same name.
Owing to the power of the primordial ooze, however, the pullback along a functor is a
special case of pullback as the limit of a cospan: it can be understood as the pullback of
a certain cospan in Cat. To unpack this requires the notions of category of elements and
discrete opÞbration; ask your friendly neighborhood category theorist.
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Both X and Y are preorders, e.g. with W � N and b � a. With bridges coming
from the profunctor in blue, one can now use both paths within the cities and the
bridges to get from points in city X to points in city Y . For example, since there is
a path from N to e and E to a, we have �(N , e) = true and �(E, a) = true.
On the other hand, since there is no path from W to d, we have �(W, d) =
false.

In fact, one could put a box around this entire picture and see a new preorder with
W � N � c � a, etc. This is called the collage of �; weÕll explore this in more detail
later; see DeÞnition 4.31.

Exercise 4.8. We can express � as a matrix where the (m, n)th entry is the value of
�(m, n) � B. Copy and complete the Bool-matrix:

� a b c d e

N ? ? ? ? true

E true ? ? ? ?

W ? ? ? false ?

S ? ? ? ? ?

WeÕll call this the feasibility matrix of �. �

Example 4.9 (Cost-profunctors and their interpretation as bridges). LetÕs now consider
Cost-profunctors. Again we can view these as bridges, but this time our bridges
are labeled by their length. Recall from DeÞnition 2.36 and Eq. (2.18) that Cost-
categories are Lawvere metric spaces, and can be depicted using weighted graphs.
WeÕll think of such a weighted graph as a chart of distances between points in
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Exercise 4.20.

1. Justify each of the four steps (=,�,�,=) in Eq. (4.9).
2. In the case V = Bool, we can directly show each of the four steps in Eq. (4.9) is

actually an equality. How?
3. Justify each of the three steps (=,�,�) in Eq. (4.10). �

Composition of profunctors is also associative; we leave the proof to you.

Lemma 4.21. Serial composition of profunctors is associative. That is, given profunc-
tors � : P � Q, 
 : Q � R, and � : R � S, we have

(� � 
) � � = � � (
 � �).

Exercise 4.22. Prove Lemma 4.21. (Hint: remember to use the fact that V is skeletal.)
�

So, feasibility relations form a category. Since this is the case, we can describe fea-
sibility relations using wiring diagrams for categories (see also Section 4.4.2), which
are very simple. Indeed, each box can only have one input and one output, and theyÕre
connected in a line:

On the other hand, we have seen that feasibility relations are the building blocks of co-
design problems, and we know that co-design problems can be depicted with a much
richer wiring diagram, for example:

This hints that the category Feas has more structure. We have seen wiring diagrams
where boxes can have multiple inputs and outputs before, in Chapter 2; there they
depicted morphisms in a monoidal preorder. On other hand the boxes in the wiring
diagrams of Chapter 2 could not have distinct labels, like the boxes in a co-design prob-
lem: all boxes in a wiring diagram for monoidal preorders indicate the order �, while
above we see boxes labeled by ÒChassis,Ó ÒMotor,Ó and so on. Similarly, we know that
Feas is a proper category, not just a preorder. To understand these diagrams then, we
must introduce a new structure, called a monoidal category. A monoidal category is a
categorified monoidal preorder.
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Thus we can draw the following

and its meaning is equivalent to that of Eq. (4.13).
We will begin by giving the axioms for a compact closed category. Then we will look

again at feasibility relations in co-design — and more generally at enriched profunctors —
and show that they indeed form a compact closed category.

4.5.1 Compact Closed Categories

As we said, compact closed categories are symmetric monoidal categories (see DeÞni-
tion 4.34) with extra structure.

Definition 4.44. Let (C, I,�) be a symmetric monoidal category, and c � Ob(C) an
object. A dual for c consists of three constituents

(i) an object c� � Ob(C), called the dual of c,
(ii) a morphism �c : I � c� � c, called the unit for c,
(iii) a morphism �c : c � c� � I , called the counit for c.

These are required to satisfy two equations for every c � Ob(C), which we draw as
commutative diagrams:

(4.15)
These equations are sometimes called the snake equations.

If for every object c � Ob(C) there exists a dual c� for c, then we say that (C, I,�)
is compact closed.

In a compact closed category, each wire is equipped with a direction. For any object c,
a forward-pointing wire labeled c is considered equivalent to a backward-pointing wire
labeled c�, i.e. c�� is the same as c�*�. The cup and cap discussed above are in fact the
unit and counit morphisms; they are drawn as follows.
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� Each white dot takes two inputs and produces their sum.

Thus the above signal ßow graph takes in two input signals, say x (on the upper left
wire) and y (on the lower left wire), and — going from left to right as described above
— produces two output signals: u = 15x (upper right) and v = 3x + 21y (lower right).
LetÕs show some steps from this computation (leaving others off to avoid clutter):

In words, the signal ßow graph Þrst multiplies y by 7, then splits x into two copies, adds
the second copy of x to the lower signal to get x + 7y, and so on.

A signal ßow graph might describe an existing system, or it might specify a system to
be built. In either case, it is important to be able to analyze these diagrams to understand
how the composite system converts inputs to outputs. This is reminiscent of a co-design
problem from Chapter 4, which asks how to evaluate the composite feasibility relation
from a diagram of simpler feasibility relations. We can use this process of evaluation to
determine whether two different signal ßow graphs in fact specify the same composite
system, and hence to validate that a system meets a given speciÞcation.

In this chapter, however, we introduce categorical tools — props and their presentations
— for reasoning more directly with the diagrams. Recall from Chapter 2 that symmetric
monoidal preorders are a type of symmetric monoidal category where the morphisms
are constrained to be very simple: there can be at most one morphism between any two
objects. Here we shall see that signal ßow graphs represent morphisms in a different,
complementary simpliÞcation of the symmetric monoidal category concept, known as a
prop.1 A prop is a symmetric monoidal category where the objects are constrained to be
very simple: they are generated, using the monoidal product, by just a single object. Just
as the wiring diagrams for symmetric monoidal preorders did not require labels on the
boxes, wiring diagrams for props do not require labels on the wires. This makes props
particularly suited for describing diagrammatic formalisms such as signal ßow graphs,
which only have wires of a single type.

Finally, many systems behave in what is called a linear way, and linear systems form a
foundational part of control theory, a branch of engineering that works on cyber-physical
systems. Similarly, linear algebra is a foundational part of modern mathematics, both
pure and applied, which includes not only control theory, but also the practice of com-
puting, physics, statistics, and many others. As we analyze signal ßow graphs, we shall
see that they are in fact a way of recasting linear algebra — more speciÞcally, matrix
operations — in graphical terms. More formally, we shall say that signal ßow graphs
have functorial semantics as matrices.

1 Historically, the word ÒpropÓ was written in all caps, ÒPROP,Ó standing for Òproducts and permutations
category.Ó However, we Þnd ÒPROPÓ a bit loud, so like many modern authors we opt for writing it as
Òprop.Ó
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5.2 Props and Presentations

Signal ßow graphs as in Eq. (5.1) are easily seen to be wiring diagrams of some sort.
However they have the property that, unlike for monoidal preorders and monoidal cat-
egories, there is no need to label the wires. This corresponds to a form of symmetric
monoidal category, known as a prop, which has a very particular set of objects.

5.2.1 Props: Definition and First Examples

Recall the deÞnition of symmetric strict monoidal category from DeÞnition 4.34 and
Remark 4.35.

Definition 5.1. A prop is a symmetric strict monoidal category (C, 0,+) for which
Ob(C) = N, the monoidal unit is 0 � N, and the monoidal product on objects is given
by addition.

Note that each object n is the n-fold monoidal product of the object 1; we call 1 the
generating object. Since the objects of a prop are always the natural numbers, to specify
a prop P it is enough to specify Þve things:

(i) a set C(m, n) of morphisms m � n, for m, n � N;
(ii) for all n � N, an identity map idn : n � n;

(iii) for all m, n � N, a symmetry map �m,n : m + n � n + m;
(iv) a composition rule: given f : m � n and g : n � p; a map ( f � g) : m � p;
(v) a monoidal product on morphisms: given f : m � m� and g : n � n�, a map

( f + g) : m + n � m� + n�.

Once one speciÞes the above data, one should check that oneÕs speciÞcations satisfy the
rules of symmetric monoidal categories (see DeÞnition 4.34).

Example 5.2. There is a prop FinSet where the morphisms f : m � n are functions
from m = {1, . . . , m} to n = {1, . . . , n}. (The identities, symmetries, and composition
rule are obvious.) The monoidal product on functions is given by the disjoint union of
functions: that is, given f : m � m� and g : n � n�, we deÞne f +g : m+n �� m�+n�

by

i ���

�
f (i) if 1 � i � m,
m� + g(i) if m + 1 � i � m + n.

(5.2)

Exercise 5.3. In Example 5.2 we said that the identities, symmetries, and composition
rule in FinSet Òare obvious.Ó In math lingo, this just means Òwe trust that the reader can
Þgure them out, if she spends the time tracking down the deÞnitions and Þtting them
together.Ó
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Composition of port graphs is as above, and the identity port graph on n is the (n, n)-port
graph (�, !, !, idn), where ! : � � N is the unique function. The identity on an object,
say 3, is depicted as follows:

The monoidal structure on PG
This category PG is in fact a prop. The monoidal product of two port graphs G :=
(V, in, out, �) and G � := (V �, in�, out�, ��) is given by taking the disjoint union of � and ��:

G + G � :=
�
(V � V �), [in, in�], [out, out�], (� � ��)

�
. (5.4)

The monoidal unit is (�, !, !, !).

Exercise 5.14. Draw the monoidal product of the morphism shown in Eq. (5.3) with
itself. It will be a (4, 6)-port graph, i.e. a morphism 4 � 6 in PG. �

5.2.3 Free Constructions and Universal Properties

Given some sort of categorical structure, such as a preorder, a category, or a prop, it is
useful to be able to construct one according to your own speciÞcation. (This should not
be surprising.) The minimally constrained structure that contains all the data you specify
is called the free structure on your speciÞcation: itÕs free from unneccessary constraints!
We have already seen some examples of free structures; letÕs recall and explore them.

Example 5.15 (The free preorder on a relation). For preorders, we saw the construction of
taking the reßexive, transitive closure of a relation. That is, given a relation R � P× P ,
the reßexive, transitive closure of R is the called the free preorder on R. Rather than
specify all the inequalities in the preorder (P,�), we can specify just a few inequalities
p � q, and let our Òclosure machineÓ add in the minimum number of other inequalities
necessary to make P a preorder. To obtain a preorder out of a graph, or Hasse diagram,
we consider a graph (V, A, s, t) as deÞning a relation {(s(a), t (a)) | a � A} � V × V ,
and apply this closure machine.

But in what sense is the reßexive, transitive closure of a relation R � P × P really
the minimally constrained preorder containing R? One way of understanding this is that
the extra equalities impose no further constraints when deÞning a monotone map out of
P . We are claiming that freeness has something to do with maps out! As strange as an
asymmetry might seem here (one might ask, Òwhy not maps in?Ó), the reader will have
an opportunity to explore it for herself in Exercises 5.16 and 5.17.

A higher-level justiÞcation understands freeness as a left adjoint (see Example 3.61),
but we will not discuss that here.
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Exercise 5.16. Let P be a set, let R � P × P a relation, let (P,�P ) be the preorder
obtained by taking the reßexive, transitive closure of R, and let (Q,�Q) be an arbitrary
preorder. Finally, let f : P � Q be a function, not assumed monotone.

1. Suppose that for every x, y � P , if R(x, y) then f (x) � f (y). Show that f deÞnes
a monotone map f : (P,�P ) � (Q,�Q).

2. Suppose that f deÞnes a monotone map f : (P,�P ) � (Q,�Q). Show that for
every x, y � P , if R(x, y) then f (x) �Q f (y).

We call this the universal property of the free preorder (P,�P ). �

Exercise 5.17. Let P , Q, R, etc. be as in Exercise 5.16. We want to see that the universal
property is really about maps out of — and not maps into — the reßexive, transitive closure
(P,�). So let g : Q � P be a function.

1. Suppose that for every a, b � Q, if a � b then (g(a), g(b)) � R. Is it automatically
true that g deÞnes a monotone map g : (Q,�Q) � (P,�P )?

2. Suppose that g deÞnes a monotone map g : (Q,�Q) � (P,�P ). Is it automatically
true that for every a, b � Q, if a � b then (g(a), g(b)) � R?

The lesson is that maps between structured objects are deÞned to preserve constraints.
This means the domain of a map must be somehow more constrained than the codomain.
Thus having the fewest additional constraints coincides with having the most maps out
— every function that respects our generating constraints should deÞne a map. �

Example 5.18 (The free category on a graph). There is a similar story for categories.
Indeed, we saw in DeÞnition 3.3 the construction of the free category Free(G) on a
graph G. The objects of Free(G) and the vertices of G are the same — nothing new here
— but the morphisms of Free(G) are not just the arrows of G because morphisms in a
category have stricter requirements: they must compose and there must be an identity.
Thus morphisms in Free(G) are the closure of the set of arrows in G under these oper-
ations. Luckily (although this happens often in category theory), the result turns out to
already be a relevant graph concept: the morphisms in Free(G) are exactly the paths in
G. So Free(G) is a category that in a sense contains G and obeys no equations other
than those that categories are forced to obey.

Exercise 5.19. Let G = (V, A, s, t) be a graph, and let G be the free category on G.
Let C be another category whose set of morphisms is denoted Mor(C).

1. Someone tells you that there are Òdomain and codomainÓ functions dom, cod :
Mor(C) � Ob(C); interpret this statement.

2. Show that the set of functors G � C are in one-to-one correspondence with the set
of pairs of functions ( f, g), where f : V � Ob(C) and g : A � Mor(C), for which
dom(g(a)) = f (s(a)) and cod(g(a)) = f (t (a)) for all a.
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We interpret the above icon as depicting a system where a signal enters on the left-hand
wire, is multiplied by a, and is output on the right-hand wire.

What is more interesting than just a single signal ampliÞcation, however, is the
interaction of signals. There are four other important icons in signal ßow graphs.

LetÕs go through them one by one. The Þrst two are old friends from Chapter 2: copy
and discard.

(copy)

We interpret this diagram as taking in an input signal on the left, and outputting that same
value to both wires on the right. It is basically the ÒcopyÓ operation from Section 2.2.3.

Next, we have the ability to discard signals.

(discard)

This takes in any signal, and outputs nothing. It is basically the ÒwasteÓ operation from
Section 2.2.3.

Next, we have the ability to add signals.

(add, +)

This takes the two input signals and adds them, to produce a single-output signal.
Finally, we have the zero signal.

(zero, 0)

This has no inputs, but always outputs the 0 element of the rig.
Using these icons, we can build more complex signal ßow graphs. To compute the

operation performed by a signal ßow graph we simply trace the paths with the above
interpretations, plugging outputs of one icon into the inputs of the next icon.

For example, consider the rig R = N from Example 5.32, where the scalars are the
natural numbers. Recall the signal ßow graph from Eq. (5.1) in the introduction:

As we explained, this takes in two input signals x and y, and returns two output signals
a = 15x and b = 3x + 21y.

In addition to tracing the processing of the values as they move forward through the
graph, we can also calculate these values by summing over paths. More explicitly, to get
the contribution of a given input wire to a given output wire, we take the sum, over all
paths p joining the wires, of the total ampliÞcation along that path.

So, for example, there is one path from the top input to the top output. On this path,
the signal is Þrst copied, which does not affect its value, then ampliÞed by 5, and Þnally
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graph into a matrix. Next we show that S is ÒfullÓ: that any matrix can be represented
by a signal ßow graph.

Proposition 5.48. Given any matrix M � Mat(R), there exists a signal ßow graph
g � SFGR such that such that S(g) = M .

Proof sketch. Let M � Mat(R) be an (m × n)-matrix. We want a signal ßow graph g
such that S(g) = M . In particular, to compute S(g)(i, j), we know that we can sim-
ply compute the ampliÞcation that the i th input contributes to the j th output. The
key idea then is to construct g so that there is exactly one path from i th input to
the j th output, and that this path has exactly one scalar multiplication icon, namely
M(i, j).

The general construction is a little technical (see Exercise 5.50), but the idea is clear
from just considering the case of (2 × 2)-matrices. Suppose M is the (2 × 2)-matrix
( a b

c d ). Then we deÞne g to be the signal ßow graph

(5.9)

Tracing paths, it is easy to see that S(g) = M . Note that g is the composite
of four layers, each layer respectively a monoidal product of (i) copy and discard
maps, (ii) scalar multiplications, (iii) swaps and identities, (iv) addition and zero
maps.

For the general case, see Exercise 5.50. �

Exercise 5.49. Draw signal ßow graphs that represent the following matrices:

1.

�

�
0
1
2

�

� 2.
�

0 0
0 0

�
3.
�

1 2 3
4 5 6

�

�

Exercise 5.50. Write down a detailed proof of Proposition 5.48. Suppose M is an
(m × n)-matrix. Follow the idea of the (2 × 2)-case in Eq. (5.9), and construct the
signal ßow graph g — having m inputs and n outputs — as the composite of four layers,
respectively comprising (i) copy and discard maps, (ii) scalars, (iii) swaps and identities,
(iv) addition and zero maps. �

We can also use Proposition 5.48 and its proof to give a presentation of Mat(R),
which was deÞned in DeÞnition 5.43.























6 Electric Circuits: Hypergraph
Categories and Operads

6.1 The Ubiquity of Network Languages

Electric circuits, chemical reaction networks, Þnite-state automata, Markov processes:
these are all models of physical or computational systems that are commonly described
using network diagrams. Here, for example, we draw a diagram that models a ßip-ßop,
an electric circuit — important in computer memory — that can store a bit of information:

k

k

k
k

Network diagrams have time-tested utility. In this chapter, we are interested in
understanding the common mathematical structure that they share, for the purposes of
translating between and unifying them; for example certain types of Markov processes
can be simulated and hence solved using circuits of resistors. When we understand
the underlying structures that are shared by network diagram languages, we can make
comparisons between the corresponding mathematical models easily.

At Þrst glance network diagrams appear quite different from the wiring diagrams
we have seen so far. For example, the wires are undirected in the case above, whereas
in a category — including monoidal categories seen in resource theories or co-design —
every morphism has a domain and codomain, giving it a sense of direction. Nonetheless,
we shall see how to use categorical constructions such as universal properties to create
categorical models that precisely capture the above type of ÒnetworkÓ compositionality,
i.e. allowing us to effectively drop directedness when convenient.
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In particular weÕll return to the idea of a colimit, which we sketched for you at the
end of Chapter 3, and show how to use colimits in the category of sets to formalize ideas
of connection. HereÕs the key idea.

Connections via colimits
LetÕs say we want to install some lights: we want to create a circuit so that when we
ßick a switch, a light turns on or off. To start, we have a bunch of circuit components: a
power source, a switch, and a lamp connected to a resistor:

We want to connect them together, but there are many ways to do so. How should we
describe the particular way that will form a light switch?

First, we claim that circuits should really be thought of as open circuits: each carries
the additional structure of an ÒinterfaceÓ exposing it to the rest of the electrical world.
Here by interface we mean a certain set of locations, or ports, at which we are able to
connect them with other components.1 As is so common in category theory, we begin
by making this more-or-less obvious fact explicit. LetÕs depict the available ports using
a bold �. If we say that in the each of the three drawings above, the ports are simply the
dangling end points of the wires, they would be redrawn as follows:

Next, we have to describe which ports should be connected. WeÕll do this by drawing
empty circles � connected by arrows to two ports �. Each will be a witness-to-
connection, saying Ôconnect these two!Õ

Looking at this picture, it is clear what we need to do: just identify — i.e. merge or make
equal — the ports as indicated, to get the following circuit:

1 If your circuit has no such ports, it still falls within our purview, by taking its interface to be the empty set.
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(6.4)

commutes.

If X +A Y is a pushout, we denote that fact by drawing the commutative square
Eq. (6.3), together with the � symbol as shown; we call it a pushout square.

We further call �X the pushout of g along f , and similarly �Y the pushout of f along g.

Example 6.18. In a preorder, pushouts and coproducts have a lot in common. The
pushout of a diagram B * A � C is equal to the coproduct B � C : namely, both
are equal to the join B 	 C .

Example 6.19. Let f : A � X be a morphism in a category C. For any isomorphisms
i : A � A� and j : X � X �, we can take X � to be the pushout X+A A�, i.e. the following
is a pushout square:

where f � := i�1 � f � j . To see this, observe that if there is any object T such that the
following square commutes:

then f � x = i � a, and so we are forced to take x � : X � T to be x � := j�1 � x . This
makes the following diagram commute:

because f � � x � = i�1 � f � j � j�1 � x = i�1 � i � a = a.
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If we also demand that C has an initial object � as well, then we can upgrade CospanC
to a symmetric monoidal category.

Recall from Proposition 6.28 that a category C has all Þnite colimits iff it has an initial
object and all pushouts.

Definition 6.39. Let C be a category with Þnite colimits. Then there exists a category
CospanC with the same objects as C, i.e. Ob(CospanC) = Ob(C), where the morphisms
A � B are the (equivalence classes of) cospans from A to B, and composition is given
by the above pushout construction.

There is a symmetric monoidal structure on this category, denoted
(CospanC, �,+). The monoidal unit is the initial object � � C and the monoidal
product is given by coproduct. The coherence isomorphisms, e.g. A + � �= A, can be
deÞned in a similar way to those in Exercise 6.16.

It is a straightforward but time-consuming exercise to verify that (CospanC, �,+)
from DeÞnition 6.39 really does satisfy all the axioms of a symmetric monoidal
category, but it does.

Example 6.40. The category FinSet has Þnite colimits (see Corollary 6.31). So, we can
deÞne a symmetric monoidal category CospanFinSet. What does it look like? It looks a
lot like wires connecting ports.

The objects of CospanFinSet are Þnite sets; here letÕs draw them as collections of �s.
The morphisms are cospans of functions. Let A and N be Þve-element sets, and B be a

six-element set. Below are two depictions of a cospan A
f
�� N

g
*� B.

In the depiction on the left, we simply represent the functions f and g by drawing
arrows from each a � A to f (a) and each b � B to g(b). In the depiction on the
right, we make this picture resemble wires a bit more, simply drawing a wire where
before we had an arrow, and removing the unnecessary center dots. We also draw a
dotted line around points that are connected, to emphasize an important perspective,
that cospans establish that certain ports are connected, i.e. part of the same equivalence
class.

The monoidal category CospanFinSet then provides two operations for combin-
ing cospans: composition and monoidal product. Composition is given by taking the
pushout of the maps coming from the common foot, as described in DeÞnition 6.39.
Here is an example of cospan composition, where all the functions are depicted with
arrow notation:
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(6.7)

The monoidal product is given simply by the disjoint union of two cospans; in pictures
it is simply combining two cospans by stacking one above another.

Exercise 6.41. In Eq. (6.7) we showed morphisms A � B and B � C in
CospanFinSet. Draw their monoidal product as a morphism A + B � B + C in
CospanFinSet. �

Exercise 6.42. Depicting the composite of cospans in Eq. (6.7) with the wire notation
gives

(6.8)

Comparing Eq. (6.7) and Eq. (6.8), describe the composition rule in CospanFinSet in

terms of wires and connected components. �

6.3 Hypergraph Categories

A hypergraph category is a type of symmetric monoidal category whose wiring diagrams
are networks. We shall soon see that electric circuits can be organized into a hypergraph
category; this is what weÕve been building up to. But to deÞne hypergraph categories, it
is useful to Þrst introduce Frobenius monoids.

6.3.1 Frobenius Monoids

The pictures of cospans we saw above, e.g. in Eq. (6.8), look something like icons
in signal ßow graphs (see Section 5.3.2): various wires merge and split, initialize and
terminate. And these follow the same rules they did for linear relations, which we brießy
discussed in Exercise 5.70. ThereÕs a lot of potential for confusion, so letÕs start from
scratch and build back up.
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Definition 6.50. A hypergraph category is a symmetric monoidal category (C, I, �) in
which each object X is equipped with a Frobenius structure (X, µX , �X , �X , �X ) such
that

for all objects X , Y , and such that �I = idI = �I .
A hypergraph prop is a hypergraph category that is also a prop, e.g. Ob(C) = N, etc.

Example 6.51. For any C with Þnite colimits, CospanC is a hypergraph category.
The Frobenius morphisms µX , �X , �X , �X for each object X are constructed using the
universal properties of colimits:

µX :=
�
X + X

[idX ,idX ]������� X
idX*�������� X

�

�X :=
�
�

!X��������� X
idX*�������� X

�

�X :=
�
X

idX��������� X
[idX ,idX ]*������ X + X

�

�X :=
�
X

idX��������� X
!X*�������� �

�

Exercise 6.52. By Example 6.51, the category CospanFinSet is a hypergraph cate-
gory. (In fact, it is equivalent to a hypergraph prop.) Draw the Frobenius morphisms
for the object 1 in CospanFinSet using both the function and wiring depictions as in
Example 6.40. �

Exercise 6.53. Using your knowledge of colimits, show that the maps deÞned in
Example 6.51 do indeed obey the special law (see DeÞnition 6.43). �

Example 6.54. Recall the monoidal category (Corel, �,�) from Example 4.46; its
objects are Þnite sets and its morphisms are corelations. Given a Þnite set X , deÞne
the corelation µX : X � X � X such that two elements of X � X � X are equivalent if
and only if they come from the same underlying element of X . DeÞne �X : X � X � X
in the same way, and deÞne �X : � � X and �X : X � � such that no two elements
of X = � � X = X �� are equivalent.
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These maps deÞne a special commutative Frobenius monoid (X, µX , �X , �X , �X ),
and in fact give Corel the structure of a hypergraph category.

Example 6.55. The prop of linear relations, which we brießy mentioned in Exer-
cise 5.70, is a hypergraph category. In fact, it is a hypergraph category in two ways,
by choosing either the black ÒcopyÓ and ÒdiscardÓ generators or the white ÒaddÓ and
ÒzeroÓ generators as the Frobenius maps.

We can generalize the construction we gave in Theorem 5.72.

Proposition 6.56. Hypergraph categories are self-dual compact closed categories, if we
deÞne the cup and cap to be

Proof. The proof is a straightforward application of the Frobenius and unitality
axioms:

�

Exercise 6.57. Copy and complete the missing diagram in the proof of Proposition 6.56
using the equations from Eq. (6.9), their opposites, and Eq. (6.10). �

6.4 Decorated Cospans

The goal of this section is to show how we can construct a hypergraph category
whose morphisms are electric circuits. To do this, we Þrst must introduce the notion
of structure-preserving map for symmetric monoidal categories, a generalization of
monoidal monotones known as symmetric monoidal functors. Then we introduce a
general method — that of decorated cospans — for producing hypergraph categories.
Doing all this will tie up lots of loose ends: colimits, cospans, circuits, and hypergraph
categories.
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Circ(N ) � Circ(M + N ). So, for example, suppose we want to take the monoidal product
of the open circuits

and

The result is given by stacking them. In other words, their monoidal product is:

(6.19)

Easy, right?
We leave you to do two compositions of your own.

Exercise 6.69. Write x for the open circuit in (6.19). Also deÞne cospans � : 0 � 2
and � : 2 � 0 as follows:

where each of these are decorated by the empty circuit (1, �, !, !, !) � Circ(1).7

Compute the composite � � x � � in CospanCirc. This is a morphism 0 � 0; we call
such things closed circuits. �

6.5 Operads and Their Algebras

In Theorem 6.62 we described how decorating cospans builds a hypergraph category
from a symmetric monoidal functor. We then explored how that works in the case that
the decoration functor is somehow Òall circuit graphs on a set of nodes.Ó

In this book, we have devoted a great deal of attention to different sorts of compo-
sitional theories, from monoidal preorders to compact closed categories to hypergraph
categories. Yet for an application you someday have in mind, it may be the case that
none of these theories sufÞce. You need a different structure, customized to a particular
situation. For example in [VSL15] the authors wanted to compose continuous dynami-
cal systems with control-theoretic properties and realized that, in order for feedback to
make sense, the wiring diagrams could not involve what they called Òpassing wires.Ó

7 As usual ! denotes the unique function, in this case from the empty set to the relevant codomain.
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So to close our discussion of compositional structures, we want to quickly sketch
something we can use as a sort of meta-compositional structure, known as an operad.
We saw in Section 6.4.3 that we can build electric circuits from a symmetric monoidal
functor FinSet � Set. Similarly weÕll see that we can build examples of new algebraic
structures from operad functors O � Set.

6.5.1 Operads Design Wiring Diagrams

Understanding that circuits are morphisms in a hypergraph category is useful: it means
we can bring the machinery of category theory to bear on understanding electrical cir-
cuits. For example, we can build functors that express the compositionality of circuit
semantics, i.e. how to derive the functionality of the whole from the functionality and
interaction pattern of the parts. Or we can use the category-theoretic foundation to relate
circuits to other sorts of network systems, such as signal ßow graphs. Finally, the basic
coherence theorems for monoidal categories and compact closed categories tell us that
wiring diagrams give sound and complete reasoning in these settings.

However, one perhaps unsatisfying result is that the hypergraph category introduces
artifacts like the domain and codomain of a circuit, which are not inherent to the struc-
ture of circuits or their composition. Circuits just have a single boundary interface, not
ÒdomainsÓ and Òcodomains.Ó This is not to say the above model is not useful: in many
applications, a vector space does not have a preferred basis, but it is often useful to
pick one so that we may use matrices (or signal ßow graphs!). But it would be worth-
while to have a category-theoretic model that more directly represents the compositional
structure of circuits. In general, we want the category-theoretic model to Þt our desired
application like a glove. Let us quickly sketch how this can be done.

LetÕs return to wiring diagrams for a second. We saw that wiring diagrams for
hypergraph categories basically look like this:

(6.20)
Note that if you had a box with A and B on the left and D on the right, you could plug
the above diagram right inside it, and get a new open circuit. This is the basic move of
operads.

But before we explain this, letÕs get where we said we wanted to go: to a model where
there arenÕt ports on the left and ports on the right, there are just ports. We want a more
succinct model of composition for circuit diagrams; something that looks more like this:
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(iii) substitution deÞned by

( f �i g) := (id�, . . . ,�id� g � id�, . . . ,�id) � f,

(iv) identities ida � OC(a; a) deÞned by ida .

We can also turn any monoidal functor into whatÕs called an operad functor.

6.5.3 The Operad for Hypergraph Props

An operad functor takes the types of one operad to the types of another, and then
the operations of the Þrst to the operations of the second in a way that respects
this.

Rough Definition 6.76. Suppose we are given two operads O and P with type
collections T and U respectively. To specify an operad functor F : O � P,

(i) one speciÞes a function f : T � U ,
(ii) for all arities (t1, . . . , tn; t) in O, one speciÞes a function

F : O(t1, . . . , tn; t) � P( f (t1), . . . , f (tn); f (t))

such that composition and identities are preserved.

Just as Set-valued functors C � Set from any category C are of particular interest
— we saw them as database instances in Chapter 3 — so too are Set-valued functors
O � Set from any operad O.

Definition 6.77. An algebra for an operad O is an operad functor F : O � Set.

We can think of functors O � Set as deÞning a set of possible ways to Þll the boxes in
a wiring diagram. Indeed, each box in a wiring diagram represents a type t of the given
operad O and an algebra F : O � Set will take a type t and return a set F(t) of Þllers
for box t . Moreover, given an operation (i.e. a wiring diagram) f � O(t1, . . . , tn; t), we
get a function F( f ) that takes an element of each set F(ti ), and returns an element of
F(t). For example, it takes n circuits with interface t1, . . . , tn , respectively, and returns
a circuit with boundary t .

Example 6.78. For electric circuits, the types are again Þnite sets, T = Ob(FinSet),
where each Þnite set t � T corresponds to a cell with t ports. Just as before, we
have a set Circ(t) of Þllers, namely the set of electric circuits with that t-marked ter-
minals. As an operad algebra, Circ : Cospan � Set transforms wiring diagrams like this
one

























228 Logic of Behavior: Sheaves, Toposes, and Internal Languages

7.2.3 Logic in the Topos Set

As we said above, the subobject classifier of any topos E gives the setting in which to
do logic. Before we explain a bit about how topos logic works in general, we continue
to work concretely by focusing on logic in the topos Set.

Obtaining the AND operation
Consider the function 1 � B × B picking out the element (true, true). This is a
monomorphism, so it defines a characteristic function �(true, true)
 : B × B � B.
What function is it? By Eq. (7.6) the only element of B × B that can be sent to true
is (true, true). Thus �(true, true)
(P, Q) � B must be given by the following
truth table

P Q �(true, true)
(P, Q)
true true true
true false false

false true false
false false false

This is exactly the truth table for the AND of P and Q, i.e. for P � Q. In other words,
�(true, true)
 = �. Note that this defines � as a function �: B × B � B, and we
use the usual infix notation x � y := �(x, y).

Obtaining the OR operation
Let’s go backwards this time. The truth table for the OR of P and Q, i.e. that of the
function 	: B× B � B defining OR, is:

P Q P 	 Q
true true true
true false true

false true true
false false false

(7.7)

If we wanted to obtain this function as the characteristic function �m
 of some sub-
set m : X � B × B, what subset would X be? By Eq. (7.6), X should be the set of
y � Y that are sent to true. Thus m is the characteristic map for the three element
subset

X = {(true, true), (true, false), (false, true)} � B× B.

To prepare for later generalization of this idea in any topos, we want a way
of thinking of X only in terms of properties listed at the beginning of Sec-
tion 7.2.1. In fact, one can think of X as the union of {true} × B and B ×
{true} – an epi-mono factorization of a colimit of limits involving the sub-
object classifier and terminal object. This description will construct an analo-
gous subobject of � × �, and hence classify a map � × � � �, in any
topos E.
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we begin by building a presheaf – i.e. a functor Sec f : Op(Y )op � Set – and then we’ll
prove it’s a sheaf.

Define the presheaf Sec f on an arbitrary subset U � Y by:

Sec f (U ) := {s : U � X | (s � f )(u) = u for all u � U }.

One might describe Sec f (U ) as the set of all ways to pick a “cross-section” of the f
arrangement over U . That is, an element s � Sec f (U ) is a choice of one element per
fiber over U .

As an example, let’s say U = {a, b}. How many such s’s are there in Sec f (U )? To
answer this, let’s clip the picture (7.9) and look only at the relevant part:

(7.10)

Looking at the picture (7.10), do you see how we get all cross-sections of f over U?

Exercise 7.30. Refer to Eq. (7.9).

1. Let V1 = {a, b, c}. Draw all the sections over it, i.e. all elements of Sec f (V1), as we
did in Eq. (7.10).

2. Let V2 = {a, b, c, d}. Again draw all the sections, Sec f (V2).
3. Let V3 = {a, b, d, e}. How many sections (elements of Sec f (V3)) are there? �

By now you should understand the sections of Sec f (U ) for various U � X . This is
Sec f on objects, so you are half way to understanding Sec f as a presheaf. That is, as
a presheaf, Sec f also includes a restriction map for every subset V � U . Luckily, the
restriction maps are easy: if V � U , say V = {a} and U = {a, b}, then given a section
s as in Eq. (7.10), we get a section over V by “restricting” our attention to what s does
on {a}.

(7.11)

Exercise 7.31.

1. Write out the sets of sections Sec f ({a, b, c}) and Sec f ({a, c}).
2. Draw lines from the first to the second to indicate the restriction map. �
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Now we have understood Sec f as a presheaf; we next explain how to see that it is a
sheaf, i.e. that it satisfies the sheaf condition for every cover. To understand the sheaf
condition, consider the set U1 = {a, b} and U2 = {b, e}. These cover the set U =
{a, b, e} = U1 � U2. By Definition 7.27, a matching family for this cover consists of a
section over U1 and a section over U2 that agree on the overlap set, U1 �U2 = {b}.

So consider s1 � Sec f (U1) and s2 � Sec f (U2) shown below.

(7.12)

Since sections g1 and g2 agree on the overlap – they both send b to b2 – the two sections
shown in Eq. (7.12) can be glued to form a single section over U = {a, b, e}:

Exercise 7.32. Again let U1 = {a, b} and U2 = {b, e}, so the overlap is U1�U2 = {b}.

1. Find a section s1 � Sec f (U1) and a section s2 � Sec f (U2) that do not agree on the
overlap.

2. For your answer (s1, s2) in part 1, can you find a section s � Sec f (U1�U2) such that
s
��
U1
= s1 and s

��
U2
= s2?

3. Find a section h1 � Sec f (U1) and a section h2 � Sec f (U2) that do agree on the
overlap, but which are different from our choice in Eq. (7.12).

4. Can you find a section h � Sec f (U1 �U2) such that h
��
U1
= h1 and h

��
U2
= h2? �
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predicate p : S � � also defines a subobject of {S | p} � S. Describe the sections of
this subsheaf. �

The poset of subobjects
For a topos E = Shv(X, Op) and object (sheaf) S � E, the set of S-predicates |�E | =
E(S,�) is naturally given the structure of a poset, which we denote

(|�S|,�S). (7.17)

Given two predicates p, q : S � �, we say that p �S q if the first implies the second.
More precisely, for any U � Op and section s � S(U ) we obtain two open subsets
p(s) � U and q(s) � U . We say that p �S q if p(s) � q(s) for all U � Op and
s � S(U ). We often drop the superscript from �S and simply write �. In formal logic
notation, one might write p �S q using the . symbol, e.g. in one of the following ways:

s : S | p(s) . q(s) or p(s) .s:S q(s).

In particular, if S = 1 is the terminal object, we denote |�S| by |�|, and refer to elements
p � |�| as propositions. They are just morphisms p : 1 � �.

This preorder is partially ordered – a poset – meaning that if p � q and q � p then
p = q. The reason is that for any subsets U, V � X , if U � V and V � U then U = V .

Exercise 7.47. Give an example of a space X , a sheaf S � Shv(X), and two predicates
p, q : S � � for which p(s) .s:S q(s) holds. You do not have to be formal. �

All of the logical symbols (true, false,�,	,�,‹) from Section 7.4.2 make
sense in any such poset |�S|. For any two predicates p, q : S � �, we define
(p � q) : S � � by (p � q)(s) := p(s) � q(s), and similarly for 	. Thus one says
that these operations are computed pointwise on S. With these definitions, the � symbol
is the meet and the 	 symbol is the join – in the sense of Definition 1.76 – for the poset
|�S|.

With all of the logical structure we’ve defined so far, the poset |�S| of predicates on S
forms what’s called a Heyting algebra. We will not define it here, but more information
can be found in Section 7.6. We now move on to quantification.

7.4.4 Quantification

Quantification comes in two flavors: universal and existential, or “for all” and “there
exists.” Each takes in a predicate of n+1 variables and returns a predicate of n variables.

Example 7.48. Suppose we have two sheaves S, T � Shv(X, Op) and a predicate
p : S × T � �. Let’s say T represents what’s considered newsworthy and S is again
the set of people. So for a subset of time U , a section t � T (U ) is something that’s
considered newsworthy throughout the whole of U , and a section s � S(U ) is a person
that lasts throughout the whole of U . Let’s imagine the predicate p as “s is worried
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about t .” Now recall from Section 7.4.3 that a predicate p does not simply return true
or false; given a person s and a news-item t , it returns a truth value corresponding to the
subset of times on which p(s, t) is true.

“For all t in T , . . . is worried about t” is itself a predicate on just one variable, S,
which we denote

%(t : T ). p(s, t).

Applying this predicate to a person s returns the times when that person is worried about
everything in the news. Similarly, “there exists t in T such that s is worried about t” is
also a predicate on S, which we denote &(t : T ). p(s, t). If we apply this predicate to
a person s, we get the times when person s is worried about at least one thing in the
news.

Exercise 7.49. In the topos Set, where � = B, consider the predicate p : N× Z � B
given by

p(n, z) =

�
true if n � |z|,
false if n > |z|.

1. What is the set of n � N for which the predicate %(z : Z). p(n, z) holds?
2. What is the set of n � N for which the predicate &(z : Z). p(n, z) holds?
3. What is the set of z � Z for which the predicate %(n : N). p(n, z) holds?
4. What is the set of z � Z for which the predicate &(n : N). p(n, z) holds? �

So, given p, we have a universally and an existentially quantified predicate %(t :
T ). p(s, t) and &(t : T ). p(s, t) on S. How do we formally understand them as sheaf
morphisms S � � or, equivalently, as subsheaves of S?

Universal quantification
Given a predicate p : S × T � �, the universally quantified predicate %(t : T ). p(s, t)
takes a section s � S(U ), for any open set U , and returns a certain open set V � �(U ).
Namely, it returns the largest open set V � U for which p(s

��
V , t) = V holds for all

t � T (V ).

Exercise 7.50. Suppose s is a person alive throughout the interval U . Apply the
above definition to the example p(s, t) = “person s is worried about news t” from
Example 7.48. Here, T (V ) is the set of items that are in the news throughout the
interval V .

1. What open subset of U is %(t : T ). p(s, t) for a person s?
2. Does it have the semantic meaning you’d expect, given the less formal description in

Section 7.4.4? �
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Abstractly speaking, the universally quantified predicate corresponds to the subsheaf
given by the following pullback:

where p� : S � �T is the currying of S × T � � and trueT is the currying of the
composite 1× T !�� 1 true���� �. See Eq. (7.3).

Existential quantification
Given a predicate p : S× T � �, the existentially quantified predicate &(t : T ). p(s, t)
takes a section s � S(U ), for any open set U , and returns a certain open set V � �(U ),
namely the union V =

�
i Vi of all the open sets Vi for which there exists some ti �

T (Vi ) satisfying p(s
��
Vi

, ti ) = Vi . If the result is U itself, you might be tempted to
think “ah, so there exists some t � T (U ) satisfying p(t),” but that is not necessarily so.
There is just a cover of U =

�
Ui and local sections ti � T (Ui ), each satisfying p, as

explained above. Thus the existential quantifier is doing a lot of work “under the hood,”
taking coverings into account without displaying that fact in the notation.

Exercise 7.51. Apply the above definition to the “person s is worried about news t”
predicate from Example 7.48.

1. What open set is &(t : T ). p(s, t) for a person s?
2. Does it have the semantic meaning you’d expect? �

Abstractly speaking, the existentially quantified predicate is given as follows. Start
with the subobject classified by p, namely {(s, t) � S× T | p(s, t)} � S× T , compose
with the projection �S : S × T � S as on the upper right; then take the epi-mono
factorization of the composite as on the lower left:

Then the bottom map is the desired subsheaf of S.

7.4.5 Modalities

Back in Example 1.115 we discussed modal operators – also known as modalities –
saying they are closure operators on preorders which arise in logic. The preorders we
were referring to are the ones discussed in Eq. (7.17): for any object S � E there is the
poset (|�S|,�S) of predicates on S, where |�S| = E(S,�) is just the set of morphisms
S � � in the category E.
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Solution to Exercise 1.52
The product preorder and its upper set preorder are:

Solution to Exercise 1.58
With X = {0, 1, 2}, the Hasse diagram for P(X), the preorder 0 � • • • � 3, and the cardinality
map between them are shown below:

Solution to Exercise 1.60

Solution to Exercise 1.61
1. Let q � � p, and suppose q � q �. Since q � � p, we have p � q . Thus by transitivity p � q �,

so q � � � p. Thus � p is an upper set.
2. Suppose p � q in P; this means that q �op p in Pop. We must show that � q � � p. Take

any q � � � q . Then q � q �, so by transitivity p � q �, and hence q � � � p. Thus � q � � p.
3. Monotonicity of � says that p � p� implies �(p�) � �(p). We must prove the other direction,

that if p � p� then �(p�) � �(p). This is straightforward, since by reflexivity we always have
p� � �(p�), but if p � p�, then p� /� �(p), so �(p�) � �(p).
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For example, to compute the hom-object X(C, D), we notice that there are two paths: C �
A � B � D and C � D. For the first path, the intersection is the set {boat}. For the second
path, the intersection in the set {foot, car}. Their union, and thus the hom-object X(C, D), is
the entire set M .

This computation contains the key for why X is a M-category: by taking the union over all
paths, we ensure that X(x, y) � X(y, z) � X(x, z) for all x, y, z.

3. The person’s interpretation looks right to us.

Solution to Exercise 2.43
1.

2. The matrix M with (x, y)th entry equal to the maximum, taken over all paths p from x to y,
of the minimum edge label in p is

M($) A B C
A � 10 10
B 6 � 6
C 10 10 �

3. This is a matrix of hom-objects for a W-category since the diagonal values are all equal to the
monoidal unit�, and because min(M(x, y), M(y, z)) � M(x, y) for all x, y, z � {A, B, C}.

4. One interpretation is as a weight limit (not to be confused with “weighted limit,” a more
advanced categorical notion), for example for trucking cargo between cities. The hom-object
indexed by a pair of points (x, y) describes the maximum cargo weight allowed on that route.
There is no weight limit on cargo that remains at some point x , so the hom-object from x to
x is always infinite. The maximum weight that can be trucked from x to z is always at least
the minimum of that that can be trucked from x to y and then y to z. (It is “at least” this much
because there may be some other, better route that does not pass through y.)

Solution to Exercise 2.46

This preorder describes the “is a part of” relation. That is, x � y when d(x, y) = 0, which
happens when x is a part of y. So Boston is a part of the US, and Spain is a part of Spain, but the
US is not a part of Boston.

Solution to Exercise 2.47
1. Recall the monoidal monotones d and u from Exercise 2.28. The function f is equal to d; let

g be equal to u.
2. Let X be the Lawvere metric space with two objects A and B, such that d(A, B) = d(B, A) =

5. Then we have X f = while Xg = .
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Solution to Exercise 2.52
1. An extended metric space is a Lawvere metric space that obeys in addition the properties (b) if

d(x, y) = 0 then x = y, and (c) d(x, y) = d(y, x) of Definition 2.34. Let’s consider the dagger
condition first. It says that the identity function to the opposite Cost-category is a functor, and
so for all x, y we must have d(x, y) � d(y, x). But this means also that d(y, x) � d(x, y),
and so d(x, y) = d(y, x). This is exactly property (c).

Now let’s consider the skeletality condition. This says that if d(x, y) = 0 and d(y, x) =
0, then x = y. Thus when we have property (c), d(x, y) = d(y, x), this is equiva-
lent to property (b). Thus skeletal dagger Cost-categories are the same as extended metric
spaces!

2. Recall from Exercise 1.68 that skeletal dagger preorders are sets. The analogy “preorders are
to sets as Lawvere metric spaces are to extended metric spaces” is thus the observation that
just as extended metric spaces are skeletal dagger Cost-categories, sets are skeletal dagger
Bool-categories.

Solution to Exercise 2.54
1. Let (x, y) � X × Y. Since X and Y are V-categories, we have I � X(x, x) and I � Y(y, y).

Thus I = I � I � X(x, x)� Y(y, y) = (X× Y)
�
(x, y), (x, y)

�
.

2. Using the definition of product hom-objects, and the symmetry and monotonicity of � we
have

(X× Y)
�
(x1, y1), (x2, y2)

�
� (X× Y)

�
(x2, y2), (x3, y3)

�

= X(x1, x2)� Y(y1, y2)� X(x2, x3)� Y(y2, y3)

= X(x1, x2)� X(x2, x3)� Y(y1, y2)� Y(y2, y3)

� X(x1, x3)� Y(y1, y3)

= (X× Y)
�
(x1, y1), (x3, y3)

�
.

3. In particular, we use the symmetry to conclude that Y(y1, y2) � X(x2, x3) = X(x2, x3) �
Y(y1, y2).

Solution to Exercise 2.56
We just apply Definition 2.53(ii): (R×R)

�
(5, 6), (�1, 4)

�
= R(5,�1)+R(6, 4) = 6+ 2 = 8.

Solution to Exercise 2.59
1. The function � � v : V � V is monotone, because if u � u� then u � v � u� � v by the

monotonicity condition (a) in Definition 2.1.
2. Let a := (v � w) in Eq. (2.23). The right-hand side is thus (v � w) � (v � w), which is

true by reflexivity. Thus the left-hand side is true too. This gives ((v � w)� v) � w.
3. Let u � u�. Then, using part 2, (v � u) � v � u � u�. Applying Eq. (2.23), we thus have

(v � u) � (v � u�). This shows that the map (v � �) : V � V is monotone.
4. Eq. (2.23) is exactly the adjointness condition from Definition 1.90, except for the fact that we

do not know (� � v) and (v � �) are monotone maps. We proved this, however, in parts 1
and 3 above.
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Solution to Exercise 3.32
There are ten morphisms in F; as usual we denote identities by the object they’re on. These
morphisms are sent to the following morphisms in C:

A� �� A, f � �� f, g� �� g, f � � h� �� f � h, g� � i � �� f � h,

B� �� B, h� �� h, C � �� C, i � �� i, D� �� D.

If one of these seems different from the rest, it’s probably g� � i � �� f � h. But note that in fact
also g� � i � �� g � i because g � i = f � h, so it’s not an outlier after all.

Solution to Exercise 3.33

We need to give two functors F, G from
a
�

f
��

b
� to whose on-objects parts are the

same and whose on-morphisms parts are different. There are only two ways to do this, and we
choose one of them:

F(a) := a�, G(a) := a�, F(b) := b�, G(b) := b�, F( f ) := f1, and G( f ) := f2.

The other way reverses f1 and f2.

Solution to Exercise 3.36
1. Let C be a category. Then defining idC : C � C by idC(x) = x for every object and morphism

in C is a functor because it preserves identities idC(idc) = idc = ididC(c) for each object
c � Ob(C), and it preserves composition idC( f � g) = f � g = idC( f ) � idC(g) for each pair
of composable morphisms f, g in C.

2. Given functors F : C � D and G : D � E, we need to show that F � G is a functor, i.e.
that it preserves identities and compositions. If c � C is an object then (F � G)(idc) =
G(F(idc)) = G(idF(c)) = idG(F(c)) because F and G preserve identities. If f, g are
composable morphisms in C then

(F � G)( f � g) = G(F( f ) � F(g)) = G(F( f )) � G(F(g))

because F and G preserve composition.
3. We have proposed objects, morphisms, identities, and a composition formula for a category

Cat: they are categories, functors, and the identities and compositions given above. We need
to check that the two properties, unitality and associativity, hold. So suppose F : C � D is a
functor and we pre-compose it as above with idC; it is easy to see that the result will again be
F , and similarly if we post-compose F with idD. This gives unitality, and associativity is just
as easy, though more wordy. Given F as above and G : D � E and H : E � F, we need to
show that (F � G) � H = F � (G � H). It’s a simple application of the definition: for any x � C,
be it an object or morphism, we have

((F � G) � H)(c) = H((F � G)(c)) = H(G(F(c))) = (G � H)(F(c)) = (F � (G � H))(c).

Solution to Exercise 3.38
Let S � Set be a set. Define FS : 1 � Set by FS(1) = S and FS(id1) = idS . With this definition,
FS preserves identities and compositions (the only compositions in 1 is the composite of the
identity with itself), so FS is a functor with FS(1) = S as desired.
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Solution to Exercise 3.40
We are asked what sort of data “makes sense” for the schemas below.

This is a subjective question, so we propose an answer for your consideration.

1. Data on this schema, i.e. a set-valued functor, assigns a set D(z) and a function D(s) : D(z) �
D(z), such that applying that function twice is the identity. This sort of function is called an
involution of the set Dz :

It’s a do-si-do, a “partner move,” where everyone picks a partner (possibly themselves) and
exchanges with them. For example one could take D to be the set of pixels in a photograph,
and take s to be the function sending each pixel to its mirror image across the vertical center
line of the photograph.

2. We could make D(c) the set of people at a “secret Santa” Christmas party, where everyone
gives a gift to someone, possibly themselves. Take D(b) to be the set of gifts, g the giver
function (each gift is given by a person), and h the receiver function (each gift is received by a
person), D(a) is the set of people who give a gift to themselves, and d( f ) : D(a) � D(b) is
the inclusion.

Solution to Exercise 3.46
1. The expert packs so much information in so little space! Suppose we are given three objects

F, G, H � DC; these are functors F, G, H : C � D. Morphisms � : F � G and � : G � H
are natural transformations. Most beginners seem to think about a natural transformation in
terms of its naturality squares, but the main thing to keep in mind is its components; the natu-
rality squares constitute a check that comes later.

So for each c � C, � has a component �c : F(c) � G(c) and � has a component �c : G(c) �
H(c) in D. The expert has told us to define (� ��)c := (�c ��c), and indeed that is a morphism
F(c) � H(c).

Now we do the check. For any f : c � c� in C, the inner squares of the following diagram
commute because � and � are natural; hence the outer rectangle does too:
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Solution to Exercise 4.3
We’ve done this one before! We hope you remembered how to do it. If not, see Exercise 2.61.

Solution to Exercise 4.5
Recall from Definition 2.25 that a V-functor � : Xop × Y � V is a function � : Ob(Xop × Y) �
Ob(V) such that for all (x, y) and (x �, y�) in Xop × Y we have

(Xop × Y)
�
(x, y), (x �, y�)

�
� V

�
�(x, y),�(x �, y�)

�
.

Using the definitions of product V-category (Definition 2.53) and opposite V-category (Exer-
cise 2.52) on the left-hand side, and using Remark 2.65, which describes how we are viewing
the quantale V as enriched over itself, on the right-hand side, this unpacks to

X(x �, x)� Y(y, y�) � �(x, y) � �(x �, y�).

Using symmetry of� and the definition of hom-element, Eq. (2.23), we see that � is a profunctor
if and only if

X(x �, x)��(x, y)� Y(y, y�) � �(x �, y�).

Solution to Exercise 4.6
Yes, since a Bool-functor is exactly the same as a monotone map, the definition of Bool-profunctor
and that of feasibility relation line up perfectly!

Solution to Exercise 4.8
The feasibility matrix for � is

� a b c d e
N true false true false true
E true true true true true
W true false true false true
S true true true true true

Solution to Exercise 4.10
The Cost-matrix for � is

� x y z
A 17 20 20
B 11 14 14
C 14 17 17
D 12 9 15

Solution to Exercise 4.12

� = M3
X � M� � M2

Y =

�

$$$
�

0 6 3 11
2 0 5 5
5 3 0 8
11 9 6 0

�

%%%
�

�

$$$
�

� � �
11 � �
� � �
� 9 �

�

%%%
�

�

$
�

0 4 3
3 0 6
7 4 0

�

%
�

=

�

$$$
�

17 20 �
11 14 �
14 17 �
20 9 �

�

%%%
�

�

$
�

0 4 3
3 0 6
7 4 0

�

%
�
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3. Here is a picture of the snake equation on the left of Eq. (4.15).

Solution to Exercise 4.49
Given two resource preorders X and Y, the preorder X × Y represents the set of all pairs of
resources, x � X and y � Y, with (x, y) � (x �, y�) iff x � x � and y � y�. That is, if x is available
given x � and y is available given y�, then (x, y) is available given (x �, y�).

Given two profunctors � : X1 X2 and 
 : Y1 Y2, the profunctor �×
 represents their
conjunction, i.e. AND. In other words, if y1 can be obtained given x1 AND y2 can be obtained
given x2, then (y1, y2) can be obtained given (x1, x2).

Solution to Exercise 4.50
The profunctor X×1 X defined by the functor � : (X×1)op×X � V that maps �((x, 1), y) :=
X(x, y) is an isomorphism. It has inverse ��1 : X X×1 defined by ��1(x, (y, 1)) := X(x, y).
To see that ��1 � � = UX, note first that the unit law for X at z and the definition of join imply

X(x, z) = X(x, z)� I � X(x, z)� X(z, z) �



y�X
X(x, y)� X(y, z),

while composition says X(x, y)� X(y, z) � X(x, z) and hence



y�X
X(x, y)� X(y, z) �




y�X
X(x, z) = X(x, z).

Thus, unpacking the definition of composition of profunctors, we have

(��1 � �)(x, z) =



(y,1)�X×1
�(x, (y, 1))� ��1((y, 1), z) =




y�X
X(x, y)� X(y, z) = X(x, z).

Similarly we can show � � ��1 = UX×1, and hence that � is an isomorphism X× 1 X.
Moreover, we can similarly show that �((1, x), y) := X(x, y) defines an isomorphism � : 1×

X X.

Solution to Exercise 4.51
We check the first snake equation, the one on the left-hand side of Eq. (4.15). The proof of the
one on the right-hand side is analogous.

We must show that the composite � of profunctors

X ��1
��� X× 1

UX×�X������ X× Xop × X
�X×UX������ 1× X ��� X
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3. The symmetry map �m,n , as an equivalence relation on m + n + n + m is “the obvious
thing,” namely “equating corresponding m’s together and also equating corresponding
ns together.” To be pedantic, i � j iff either
� |i � j | = m + n + n, or
� m + 1 � i � m + n + n and m + 1 � j � m + n + n and |i � j | = n.

4. The composition rule for correlations is explicitly described in footnote 2 on page 143.
5. Given equivalence relations� on m + n and�� on m� + n�, we need an equivalence rela-

tion (� + ��) on m + n + m� + n�. We take it to be “the obvious thing,” namely “using
� on the unprimed stuff and using �� on the primed stuff, with no other interaction.” To
be pedantic, i � j iff either
� i � m + n and j � m + n and i � j , or
� m + n + 1 � i and m + n + 1 � j and i �� j .

Example 5.6: The prop Rel has

1. Rel(m, n) is the set of relations on the set m × n, i.e. the set of subsets of m × n, i.e. its
power set.

2. The identity map n � n is the subset {(i, j) � n × n | i = j}.
3. The symmetry map m+ n � n+m is the subset of pairs (i, j) � (m + n)× (n + m) such

that either
� i � m and m + 1 � j and i + m = j , or
� m + 1 � i and j � m and j + m = i .

4. Composition of relations is as in Example 5.6.
5. Given a relation R � m × n and a relation R� � m� × n�, we need a relation (R + R�) �

m + m� × n + n�. As stated in the example (footnote), this can be given by a universal
property: The monoidal product R1 + R2 of relations R1 � m1 × n1 and R2 � m2 × n2 is
given by R1 � R2 � (m1 × n1) � (m2 × n2) � (m1 � m2)× (n1 � n2).

Solution to Exercise 5.13
Composition of an (m, n)-port graph G and an (n, p)-port graph H looks visually like sticking
them end to end, connecting the wires in order, removing the two outer boxes, and adding a new
outer box.

For example, suppose we want to compose the following in the order shown:

The result is:
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Solution to Exercise 5.14
The monoidal product of two morphisms is drawn by stacking the corresponding port graphs. For
this problem, we just stack the left-hand picture on top of itself to obtain the right-hand picture:

Solution to Exercise 5.16
We have a relation R � P×P which generates a preorder�P on P , we have an arbitrary preorder
(Q,�Q) and a function f : P � Q, not necessarily monotonic.

1. Assume that, for every x, y � P , if R(x, y) then f (x) � f (y); we want to show that f is
monotone, i.e. that for every x �P y we have f (x) �Q f (y). By definition of P being the
reflexive, transitive closure of R, we have x �P y iff there exists n � N and x0, . . . , xn in P
with x0 = x and xn = y and R(xi , xi+1) for each 0 � i � n � 1. (The case n = 0 handles
reflexivity.) But then, by assumption, R(xi , xi+1) implies f (xi ) �Q f (xi+1) for each i . By
induction on i we show that f (x0) �Q f (xi ) for all 0 � i � n, at which point we are done.

2. Suppose now that f is monotone, and take x, y � P for which R(x, y) holds. Then x �P y
because �P is the smallest preorder relation containing R. (Another way to see this based on
the above description is with n = 1, x0 = x , and xn = y, which we said implies x �P y.)
Since f is monotone, we indeed have f (x) �Q f (y).

Solution to Exercise 5.17
Suppose that P , Q, and R are as in Exercise 5.16 and we have a function g : Q � P .

1. If R(g(a), g(b)) holds for all a �Q b then g is monotone, because R(x, y) implies x �P y.
2. It is possible for g : (Q,�Q) � (P,�P ) to be monotone and yet have some a, b � Q with

a �Q b and (g(a), g(b)) 
� R. Indeed, take Q := {1} to be the free preorder on one element,
and take P := {1} with R = �. Then the unique function g : Q � P is monotone (because
�P is reflexive even though R is empty), and yet (g(1), g(1)) 
� R.

Solution to Exercise 5.19
Let G = (V, A, s, t) be a graph, let G be the free category on G, and let C be another category,
whose set of morphisms is denoted Mor(C).

1. To give a function Mor(C) � Ob(C) means that for every element Mor(C) we need to give
exactly one element of Ob(C). So for dom we take any q � Mor(C), view it as a morphism
q : y � z, and send it to its domain y. Similarly for cod: we put cod(q) := z.

2. Suppose first that we are given a functor F : G � C. On objects we have a function
Ob(G) � Ob(C), and this defines f since Ob(G) = V . On morphisms, first note that
the arrows of graph G are exactly the length=1 paths in G, whereas Mor(G) is the set of
all paths in G, so we have an inclusion A � Mor(G). The functor F provides a function
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What is this homomorphism? Well, to be a rig homomorphism, f must send 0 to 0R , 1 to 1R .
Furthermore, we must also have f (m + n) = f (m)+R f (n), and hence

f (m) = f (1+ 1+ • • • + 1& ’( )
m summands

) = f (1)+ f (1)+ • • • + f (1)& ’( )
m summands

= 1R + 1R + • • • + 1R& ’( )
m summands

.

So if there is a rig homomorphism f : N � R, it must be given by the above formula. But
does this formula work correctly for multiplication?
It remains to check f (m � n) = f (m) �R f (n), and this will follow from distributivity. Noting
that f (m � n) is equal to the sum of mn copies of 1R , we have

f (m) �R f (n) = (1R + • • • + 1R& ’( )
m summands

) �R (1R + • • • + 1R& ’( )
n summands

)

= 1R � (1R + • • • + 1R& ’( )
n summands

)+ • • • + 1R � (1R + • • • + 1R& ’( )
n summands

)

& ’( )
m summands

= 1R + • • • + 1R& ’( )
mn summands

= f (m � n).

Thus (N, 0,+, 1, �) is the initial object in Rig.

Solution to Exercise 6.8
In Definition 6.1, it is the initial object � � C that is universal. In this case, all objects c � C are
“comparable objects.” So the universal property of the initial object is that to any object c � C,
there is a unique map � � c coming from the initial object.

Solution to Exercise 6.10
If c1 is initial then by the universal property, for any c there is a unique morphism c1 � c; in
particular, there is a unique morphism c1 � c2, call it f . Similarly, if c2 is initial then there is
a unique morphism c2 � c1, call it g. But how do we know that f and g are mutually inverse?
Well since c1 is initial there is a unique morphism c1 � c1. But we can think of two: idc1 and
f � g. Thus they must be equal. Similarly for c2, so we have f � g = idc1 and g � f = idc2 , which
is the definition of f and g being mutually inverse.

Solution to Exercise 6.12
Let (P,�) be a preorder, and p, q � P . Recall that a preorder is a category with at most one mor-
phism, denoted �, between any two objects. Also recall that all diagrams in a preorder commute,
since this means any two morphisms with the same domain and codomain are equal.

Translating Definition 6.11 to this case, a coproduct p + q in P is an element of P such that
p � p + q and q � p + q , and such that for all elements x � P with maps p � x and q � x , we
have p + q � x . But this says exactly that p + q is a join: it is a least element above both p and
q . Thus coproducts in preorders are exactly the same as joins.

Solution to Exercise 6.14
The function [ f, g] is defined by

[ f, g] : A � B �� T

apple1 ��� a
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banana1 ��� b

pear1 ��� p

cherry1 ��� c

orange1 ��� o

apple2 ��� e

tomato2 ��� o

mango2 ��� o.

Solution to Exercise 6.15
1. The equation �A � [ f, g] = f is the commutativity of the left-hand triangle in the commutative

diagram (6.1) defining [ f, g].
2. The equation �B � [ f, g] = g is the commutativity of the right-hand triangle in the commutative

diagram (6.1) defining [ f, g].
3. The equation [ f, g] � h = [ f � h, g � h] follows from the universal property of the coproduct.

Indeed, the diagram

commutes, and the universal property says there is a unique map [ f � h, g � h] : A + B � D
for which this occurs. Hence we must have [ f, g] � h = [ f � h, g � h].

4. Similarly, to show [�A, �B ] = idA+B , observe that the diagram

trivially commutes. Hence by the uniqueness in (6.1), [�A, �B ] = idA+B .

Solution to Exercise 6.16
This exercise is about showing that coproducts and an initial object give a symmetric monoidal
category. Since all we have are coproducts and an initial object, and since these are defined by
their universal properties, the solution is to use these universal properties over and over, to prove
that all the data of Definition 4.34 can be constructed.

1. To define a functor +: C × C � C we must define its action on objects and morphisms. In
both cases, we just take the coproduct. If (A, B) is an object of C× C, its image A + B is, as
usual, the coproduct of the two objects of C. If ( f, g) : (A, B) � (C, D) is a morphism, then
we can form a morphism f + g = [ f � �C , g � �D] : A+ B � C + D, where �C : C � C + D
and �D : D � C + D are the canonical morphisms given by the definition of the coproduct
A + B.
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Note that this construction sends identity morphisms to identity morphisms, since by Exer-
cise 6.15 part 4 we have

idA + idB = [idA � �A, idB � �B ] = [�A, �B ] = idA+B .

To show that + is a functor, we need to also show it preserves composition. Suppose we also
have a morphism (h, k) : (C, D) � (E, F) in C×C. We need to show that ( f + g) � (h+k) =
( f � h)+ (g � k). This is a slightly more complicated version of the argument in Exercise 6.15
3. It follows from the fact that the diagram below commutes:

Indeed, we again use the uniqueness of the copairing in (6.1), this time to show that ( f � h)+
(g � k) = [ f � h � �E , g � k � �F ] = ( f + g) � (h + k), as required.

2. Recall that the universal property of the initial object gives a unique map !A : � � A. Then
the copairing [idA, !A] is a map A + � � A. Moreover, it is an isomorphism with inverse
�A : A � A + �. Indeed, using the properties in Exercise 6.15 and the universal property of
the initial object, we have �A � [idA, !A] = idA, and

[idA, !A] � �A = [idA � �A, !A � �A] = [�A, !A+�] = [�A, ��] = idA+�.

An analogous argument shows [!A, idA] : �+ A � A is an isomorphism.
3. We’ll just write down the maps and their inverses; we leave it to you, if you like, to check that

they indeed are inverses.
(a) The map [idA + �B , �C ] = [[�A, �B � �B+C ], �C � �B+C ] : (A + B)+ C � A + (B + C)

is an isomorphism, with inverse [�A, �B + idC ] : A + (B + C) � (A + B)+ C .
(b) The map [�A, �B ] : A+ B � B + A is an isomorphism. Note our notation here is slightly

confusing: there are two maps named �A, (i) �A : A � A + B, and (ii) �A : A � B + A,
and similarly for �B . In the above we mean the map (ii). It has inverse [�B , �A] : B + A �
A + B, where in this case we mean the map (i).

Solution to Exercise 6.20
1. Suppose we are given an arbitrary diagram of the form B * A � C in DiscS ; we need

to show that it has a pushout. The only morphisms in DiscS are identities, so in particular
A = B = C , and the square consisting of all identities is its pushout.

2. Suppose DiscS has an initial object s. Then S cannot be empty! But it also cannot have more
than one object, because if s� is another object then there is a morphism s � s�, but the
only morphisms in S are identities so s = s�. Hence the set S must consist of exactly one
element.
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Solution to Exercise 6.64
We can represent the circuit in Eq. (6.11) by the tuple (V, A, s, t, �) where V = {ul, ur, dl, dr},
A = {r1, r2, r3, c1, i1}, and s, t , and � are defined by the table

r1 r2 r3 c1 i1
s(�) dl ul ur ul dl
t (�) ul ur dr ur dr
�(�) 1� 2� 1� 3F 1H

Solution to Exercise 6.65
The circuit Circ( f )(c) is

Solution to Exercise 6.66
The circuit �2,2(b, s) is the disjoint union of the two labeled graphs b and s:

Solution to Exercise 6.67
The cospan is the cospan 1

f
�� 2

g
*� 1, where f (1) = 1 and g(1) = 2. The decoration is the

C-circuit (2, {a}, s, t, �), where s(a) = 1, t (a) = 2 and �(a) = battery.

Solution to Exercise 6.68
Recall the circuit C := (V, A, s, t, �) from the solution to Exercise 6.64. Then the first decorated

cospan is given by the cospan 1
f
�� V

g
*� 2, f (1) = ul, g(1) = ur, and g(2) = ur, decorated

by circuit C . The second decorated cospan is given by the cospan 2
f �
�� V �

g�
*� 2 and the circuit

C � := (V �, A�, s�, t �, ��), where V � = {l, r, d}, A� = {r1�, r2�}, and the functions are given by the
tables

1 2
f �(�) l d
g�(�) r r

r1� r2�

s(�) l r
t (�) r d
�(�) 5� 8�

To compose these, we first take the pushout of V
g
*� 2

f �
�� V �. This gives the a new apex

V �� = {ul, dl, dr, m, r} with five elements, and composite cospan 1 h�� V �� k*� 2 given by h(1) =
ul, k(1) = r and k(2) = m. The new circuit is given by (V,�� A + A�, s,�� t,�� ���) where the
functions are given by

r1 r2 r3 c1 i1 r1� r2�

s��(�) dl ul m ul dl m r
t ��(�) ul m dr m dr r m
���(�) 1� 2� 1� 3F 1H 5� 8�
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just a “collection”); again, one member of this gigantic collection is the sheaf Sec� of all possible
vector fields on M .

Solution to Exercise 7.37
1. The Hasse diagram for the Sierpinski topology is � � {1} � {1, 2} .
2. A presheaf F on Op consists of any three sets and any two functions F({1, 2}) � F({1}) �

F(�) between them.
3. Recall from Exercise 7.23 that the only nontrivial covering (a covering of U is nontrivial if it

does not contain U ) occurs when U = � in which case the empty family over U is a cover.
4. As explained in Example 7.28, F will be a sheaf iff F(�) �= {1}. Thus the category of sheaves

is equivalent to that of just two sets and one function F({1, 2}) � F({1}).

Solution to Exercise 7.38
The one-point space X = {1} has two open sets, � and {1}, and every sheaf S � Shv(X) assigns
S(�) = {()} by the sheaf condition (see Example 7.28). So the only data in a sheaf S � Shv(X) is
the set S({1}). This is how we get the correspondence between sets and sheaves on the one-point
space.

According to Eq. (7.13), the subobject classifier � : Op(X)op � Set in Shv(X) should be the
functor where �({1}) is the set of open sets of {1}. So we’re hoping to see that there is a one-
to-one correspondence between the set Op({1}) and the set B = {true, false} of booleans.
Indeed there is: there are two open sets of {1}, as we said, � and {1}, and these correspond to
false and true, respectively.

Solution to Exercise 7.39
By Eqs. (7.13) and (7.14) the definition of �(U ) is �(U ) := {U � � Op | U � � U }, and the
definition of the restriction map for V � U is U � �� U � � V .

1. It is functorial: given W � V � U and U � � U , we indeed have (U � � V ) � W = U � � W ,
since W � V . For functoriality, we also need preservation of identities, and this amounts to
U � �U = U � for all U � � U .

2. Yes, a presheaf is just a functor; the above check is enough.

Solution to Exercise 7.41
We need a graph homomorphism of the following form:

There is only one that classifies G�, and here it is. Let’s write � := �G�
.

� Since D is missing from G�, we have � (D) = 0 (vertex: missing).
� Since vertices A, B, C are present in G� we have � (A) = � (B) = � (C) = V (vertex: present).
� The above forces � (i) = (V, 0; 0) (arrow from present vertex to missing vertex: missing).
� Since the arrow f is in G�, we have � ( f ) = (V, V ; A) (arrow from present vertex to present

vertex: present).
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� Since the arrows g and h are missing in G�, we have � (g) = � (h) = (V, V ; 0) (arrow from
present vertex to present vertex: missing).

Solution to Exercise 7.43
With U = R� {0} � R, we have the following.

1. The complement of U is R�U = {0} and ‹U is its interior, which is ‹U = �.
2. The complement of ‹U is R�� = R, and this is open, so ‹‹U = R.
3. It is true that U � ‹‹U .
4. It is false that ‹‹U �? U .

Solution to Exercise 7.44
1. If for any V � Op we have / � V = V then when V = X we have / � X := / � X = X ,

but anything intersected with X is itself, so / = / � X = X .
2. (/ 	 V ) := (X � V ) = X holds, (V � X) =

�
{R�Op|R�V�X} R = X holds because

(X � V ) � X , and (X � V ) = V =
�
{R�Op|R�X�V } R = Y holds because R � X = R.

3. If for any set V � Op we have (0	V ) = V , then when V = 1we have (0	�) := (0��) =
�, but anything in a union with � is itself, so 0 = 0 �� = �.

4. (0 � V ) = (� � V ) = � holds, and (0 � V ) =
�
{R�Op|R���V } R = X holds because

(X ��) � V .

Solution to Exercise 7.46
S is the sheaf of people, the set of which changes over time: a section in S over any interval of
time is a person who is alive throughout that interval. A section in the subobject {S | p} over any
interval of time is a person who is alive and likes the weather throughout that interval of time.

Solution to Exercise 7.47
We need an example of a space X , a sheaf S � Shv(X), and two predicates p, q : S � � for
which p(s) .s:S q(s) holds. Take X to be the one-point space, take S to be the sheaf correspond-
ing to the set S = N, let p(s) be the predicate “24 � s � 28,” and let q(s) be the predicate “s is
not prime.” Then p(s) .s:S q(s) holds.

As an informal example, take X to be the surface of the Earth, take S to be the sheaf of vector
fields as in Example 7.34 thought of in terms of wind-blowing. Let p be the predicate “the wind
is blowing due east at somewhere between 2 and 5 kilometers per hour” and let q be the predicate
“the wind is blowing at somewhere between 1 and 5 kilometers per hour.” Then p(s) .s:S q(s)
holds. This means that, for any open set U , if the wind is blowing due east at somewhere between
2 and 5 kilometers per hour throughout U , then the wind is blowing at somewhere between 1 and
5 kilometers per hour throughout U as well.

Solution to Exercise 7.49
We have the predicate p : N× Z � B given by p(n, z) iff n � |z|.

1. The predicate %(z : Z). p(n, z) holds for {0} � N.
2. The predicate &(z : Z). p(n, z) holds for N � N.
3. The predicate %(n : N). p(n, z) holds for � � Z.
4. The predicate &(n : N). p(n, z) holds for Z � Z.


































